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PREF A CE

Y our mind should b reak free of custom, furiously seizing the bit

and recklessly cho osing its o wn path,

where y ou w ould fea r to ascend b y y ourself.

| SENECA, De T ranquillitate Animi (c. 50)

This booklet con tains draft material that I'm circulating to exp erts in the

�eld, in hop es that they can help remo v e its most egregious errors b efore to o

man y other p eople see it. I am also, ho w ev er, p osting it on the In ternet for

courageous and/or random readers who don't mind the risk of reading a few

pages that ha v e not y et reac hed a v ery mature state. Bewar e: This material has

not y et b een pro ofread as thoroughly as the man uscripts of V olumes 1, 2, and 3

w ere at the time of their �rst prin tings. And those carefully-c hec k ed v olumes,

alas, w ere subsequen tly found to con tain thousands of mistak es.

Giv en this ca v eat, I hop e that m y errors this time will not b e so n umerous

and/or obtrusiv e that y ou will b e discouraged from reading the material carefully .

I did try to mak e the text b oth in teresting and authoritativ e, as far as it go es.

But the �eld is so v ast, I cannot hop e to ha v e surrounded it enough to corral it

completely . Therefore I b eg y ou to let me kno w ab out an y de�ciencies that y ou

disco v er.

T o put the material in con text, this pre-fascicle con tains Section 7.1.2 of a

long, long c hapter on com binatorial algorithms. Chapter 7 will ev en tually �ll

at least three v olumes (namely V olumes 4A, 4B, and 4C), assuming that I'm

able to remain health y . It will b egin with a short review of graph theory , with

emphasis on some highligh ts of signi�can t graphs in the Stanford GraphBase,

from whic h I will b e dra wing man y examples. Then comes Section 7.1: Bo olean

T ec hniques and T ric ks, b eginning with basic material in Section 7.1.1 (see pre-

fascicle 0b). Section 7.1.2, whic h y ou're ab out to read here, is concerned with

the study of e�cien t Bo olean function ev aluation. Section 7.1.3 will deal with

tric ks and tec hniques of bit wise calculation; and Section 7.1.4 will discuss the

represen tation of Bo olean functions.

The next section, 7.2, is ab out generating all p ossibilities, and it b egins

with Section 7.2.1: Generating Basic Com binatorial P atterns. F ascicles for this

section ha v e already app eared on the W eb and/or in prin t. Section 7.2.2 will

deal with bac ktrac king in general. And so it will go on, if all go es w ell; an outline

of the en tire Chapter 7 as curren tly en visaged app ears on the taocp w ebpage

that is cited on page ii.

iii

-3



iv PREF A CE

The topic of Bo olean functions and bit manipulation can of course b e in-

terpreted so broadly that it encompasses the en tire sub ject of computer pro-

gramming. My original title for Section 7.1 | \Bit Fiddling" | w as m uc h more

mo dest; I decided, ho w ev er, that those w ords w ere a bit to o lo w-bro w. The real

goal of this fascicle is to fo cus on concepts that app ear at the lo w est lev els, on

whic h w e can erect signi�can t sup erstructures. And ev en these apparen tly lo wly

notions turn out to b e surprisingly ric h, with explicit ties to Sections 2.3.4.4,

4.3.1, 4.6.4, and 5.3.4 of the �rst three v olumes. I strongly b eliev e in building

up a �rm foundation, so I ha v e discussed Bo olean topics m uc h more thoroughly

than I will b e able to do with material that is new er or less basic. After t yping

the man uscript I w as astonished to disco v er that I had come up with 87 exercises,

ev en though | b eliev e it or not | I had to eliminate quite a lot of the in teresting

material that app ears in m y �les.

My notes on com binatorial algorithms ha v e b een accum ulating for more

than fort y y ears, so I fear that in sev eral resp ects m y kno wledge is w o efully

b ehind the times. Please lo ok, for example, at the exercises that I'v e classed as

researc h problems (rated with di�cult y lev el 46 or higher), namely exercises 21

and 24; I'v e also implicitly men tioned or p osed additional unsolv ed questions in

the answ ers to exercises 17, 40, 55, 61, 63, 70, and 80. Are those problems still

op en? Please let me kno w if y ou kno w of a solution to an y of these in triguing

questions. And of course if no solution is kno wn to da y but y ou do mak e progress

on an y of them in the future, I hop e y ou'll let me kno w.

I urgen tly need y our help also with resp ect to some exercises that I made

up as I w as preparing this material. I certainly don't lik e to receiv e credit for

things that ha v e already b een published b y others, and most of these results are

quite natural \fruits" that w ere just w aiting to b e \pluc k ed." Therefore please

tell me if y ou kno w who deserv es to b e credited, with resp ect to the ideas found

in exercises 11, 14, 16, 27, 29, 30, 34, and 40, and/or the answ er to exercise 38.

F urthermore I'v e cited unpublished results of F rank Liang, Mik e P aterson, and

Ric h Sc hro epp el; do y ou kno w of an y related publications?

The text presen ts an approac h to syn thesis based on so-called \fo otprin ts"

of functions, whic h I ha v en't seen in the literature. Is this metho d new, or did I

o v erlo ok some relev an t pap ers?

I shall happily pa y a �nder's fee of $2.56 for eac h error in this draft when it is

�rst rep orted to me, whether that error b e t yp ographical, tec hnical, or historical.

The same rew ard holds for items that I forgot to put in the index. And v aluable

suggestions for impro v emen ts to the text are w orth 32/ c eac h. (F urthermore, if

y ou �nd a b etter solution to an exercise, I'll actually rew ard y ou with immortal

glory instead of mere money , b y publishing y our name in the ev en tual b o ok: � )

Cross references to y et-un written material sometimes app ear as `00'; this

imp ossible v alue is a placeholder for the actual n um b ers to b e supplied later.

Happ y reading!

Stanfor d, California D. E. K.

14 Mar ch 2006

-4



PREF A CE v

Helpful hin ts. Readers of Section 7.1.2 should ideally ha v e already read (or

at least skimmed) Section 7.1.1. In particular, they should not b e sho c k ed or

puzzled b y notations suc h as

i) � ( x

1

x

2

: : : x

n

) or � (( x

1

x

2

: : : x

n

)

2

) for the sum x

1

+ x

2

+ � � � + x

n

;

ii) S

k

1

k

2

::: k

t

( x ) for the symmetric function that is true when � x = k

1

or k

2

or

: : : or k

t

;

iii) h x

1

x

2

: : : x

2 k � 1

i for the threshold function S

� k

that equals the median v alue

of f x

1

; x

2

; : : : ; x

2 k � 1

g (whic h is also the ma jorit y v alue).

Actually I used the notation S

k

1

;k

2

;::: ;k

t

for symmetric functions in Section 7.1.1;

but for Section 7.1.2 I'v e decided to drop the commas b et w een k 's, at least in

simple cases, b ecause they just clutter things up in the presen t con text.

~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~

I thank the Stanford Univ ersit y InfoLab and Sun Microsystems Lab oratories

for generously donating man y hours of computer time on large, fast mac hines,

thereb y allo wing me to in v estigate the Bo olean functions of �v e v ariables.
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0 COMBINA TORIAL ALGORITHMS (F0C)

By and la rge the minimization of switching comp onents

out w eighs all other engineering considerations

in designing economical logic circuits.

| H. A. CURTIS, A New App roach to the Design of Switching Circuits (1962)

He must b e a great calculato r indeed who succeeds.

Simplify , simplify .

| HENRY D. THOREA U, W alden; o r, Life in the W o o ds (1854)

7.1.2. Bo olean Evaluation

Our next goal is to study the e�cien t ev aluation of Bo olean functions, m uc h as

w e studied the ev aluation of p olynomials in Section 4.6.4. One natural w a y to

in v estigate this topic is to consider c hains of basic op erations, analogous to the

p olynomial c hains discussed in that section.

A Bo ole an chain , for functions of n v ariables ( x

1

; : : : ; x

n

), is a sequence

( x

n +1

; : : : ; x

n + r

) with the prop ert y that eac h step com bines t w o of the preceding

steps:

x

i

= x

j ( i )

�

i

x

k ( i )

; for n + 1 � i � n + r ; ( 1 )

where 1 � j ( i ) < i and 1 � k ( i ) < i , and where �

i

is one of the sixteen binary

op erators of T able 7.1.1{1. F or example, when n = 3 the t w o c hains

x

4

= x

1

^ x

2

x

5

= �x

1

^ x

3

x

6

= x

4

_ x

5

and

x

4

= x

2

� x

3

x

5

= x

1

^ x

4

x

6

= x

3

� x

5

( 2 )

b oth ev aluate the \m ux" or \if-then-else" function x

6

= ( x

1

? x

2

: x

3

), whic h tak es

the v alue x

2

or x

3

dep ending on whether x

1

is 1 (true) or 0 (false).

0



7.1.2 BOOLEAN EV ALUA TION 1

(Notice that the left-hand example in ( 2 ) uses the simpli�ed notation ` x

5

=

�x

1

^ x

3

' to sp ecify the NOT-BUT op eration, instead of the form ` x

5

= x

1

� x

3

'

that app ears in T able 7.1.1{1. The main p oin t is that, regardless of notation,

ev ery step of a Bo olean c hain is a Bo olean com bination of t w o prior results.)

Bo olean c hains corresp ond naturally to electronic circuits, with eac h step

in the c hain corresp onding to a \gate" that has t w o inputs and one output.

Electrical engineers traditionally represen t the Bo olean c hains of ( 2 ) b y circuit

diagrams suc h as

1

2

3

and

1

2

3

: ( 3 )

They need to design economical circuits that are sub ject to v arious tec hnological

constrain ts; for example, some gates migh t b e more exp ensiv e than others, some

outputs migh t need to b e ampli�ed if reused, the la y out migh t need to b e planar

or nearly so, some paths migh t need to b e short. But our c hief concern in this

b o ok is soft w are, not hardw are, so w e don't ha v e to w orry ab out suc h things.

F or our purp oses, all gates ha v e equal cost, and all outputs can b e reused as

often as desired. (Jargon wise, our Bo olean c hains b oil do wn to circuits in whic h

all gates ha v e fan-in 2 and unlimited fan-out.)

F urthermore w e shall depict Bo olean c hains as binary trees suc h as

_

^

_

1 2 1 3

and

+

^

+

3

1

2 3

( 4 )

instead of using circuit diagrams lik e ( 3 ) . Suc h binary trees will ha v e o v erlapping

subtrees when in termediate steps of the c hain are used more than once. Ev ery

in ternal no de is lab eled with a binary op erator; external no des are lab eled with

an in teger k , represen ting the v ariable x

k

. The lab el `

_

' in the left tree of ( 4 )

stands for the NOT-BUT op erator, since �x ^ y = [ x < y ]; similarly , the BUT-NOT

op erator, x ^ �y , can b e represen ted b y the no de lab el `

_

'.

Sev eral di�eren t Bo olean c hains migh t ha v e the same tree diagram. F or

example, the left-hand tree of ( 4 ) also represen ts the c hain

x

4

= �x

1

^ x

3

; x

5

= x

1

^ x

2

; x

6

= x

5

_ x

4

:

An y top ological sorting of the tree no des yields an equiv alen t c hain.

Giv en a Bo olean function f of n v ariables, w e often w an t to �nd a Bo olean

c hain suc h that x

n + r

= f ( x

1

; : : : ; x

n

), where r is as small as p ossible. The

c ombinational c omplexity C ( f ) of a function f is the length of the shortest c hain

that computes it. T o sa v e excess v erbiage, w e will simply call C ( f ) the \cost

of f ." The m ux function in our examples ab o v e has cost 3, b ecause one can sho w

b y exhaustiv e trials that it can't b e pro duced b y an y Bo olean c hain of length 2.

The DNF and CNF represen tations of f , whic h w e studied in Section 7.1.1,

rarely tell us m uc h ab out C ( f ), since substan tially more e�cien t sc hemes of

1



2 COMBINA TORIAL ALGORITHMS (F0C) 7.1.2

calculation are usually p ossible. F or example, in the discussion follo wing 7.1.1{

( 30 ) w e found that the more-or-less random function of four v ariables whose

truth table is 1100 1001 0000 1111 has no DNF expression shorter than

( � x

1

^ �x

2

^ �x

3

) _ ( � x

1

^ �x

3

^ �x

4

) _ ( x

2

^ x

3

^ x

4

) _ ( x

1

^ x

2

) : ( 5 )

This form ula corresp onds to a Bo olean c hain of 10 steps. But that function can

also b e expressed more clev erly as

�

(( x

2

^ �x

4

) � �x

3

) ^ �x

1

�

� x

2

; ( 6 )

so its complexit y is at most 4.

Ho w can nonob vious form ulas lik e ( 6 ) b e disco v ered? W e will see that a

computer can �nd the b est c hains for functions of four v ariables without doing an

enormous amoun t of w ork. Still, the results can b e quite startling, ev en for p eople

who ha v e had considerable exp erience with Bo olean algebra. T ypical examples

of this phenomenon can b e seen in Fig. 5, whic h illustrates the four-v ariable

functions that are p erhaps of greatest general in terest, namely the functions

that are symmetric under all p erm utations of their v ariables.

Consider, for example, the function S

2

( x

1

; x

2

; x

3

; x

4

), for whic h w e ha v e

x

1

0000 0000 1111 1111

x

2

0000 1111 0000 1111

x

3

0011 0011 0011 0011

x

4

0101 0101 0101 0101

x

5

= x

1

� x

3

0011 0011 1100 1100

x

6

= x

1

� x

2

0000 1111 1111 0000

x

7

= x

3

� x

4

0110 0110 0110 0110

x

8

= x

5

_ x

6

0011 1111 1111 1100

x

9

= x

6

� x

7

0110 1001 1001 0110

x

10

= x

8

^ �x

9

0001 0110 0110 1000

( 7 )

according to Fig. 5. T ruth tables are sho wn here so that w e can easily v erify

eac h step of the calculation. Step x

8

yields a function that is true whenev er

x

1

6= x

2

or x

1

6= x

3

; and x

9

= x

1

� x

2

� x

3

� x

4

is the parit y function ( x

1

+ x

2

+

x

3

+ x

4

) mo d 2. Therefore the �nal result, x

10

, is true precisely when exactly t w o

of f x

1

; x

2

; x

3

; x

4

g are 1; these are the cases that satisfy x

8

and ha v e ev en parit y .

Sev eral of the other computational sc hemes of Fig. 5 can also b e justi�ed

in tuitiv ely . But some of the c hains, lik e the one for S

14

, are quite amazing.

Notice that the in termediate result x

6

is used t wice in ( 7 ) . In fact, no six-

step c hain for the function S

2

( x

1

; x

2

; x

3

; x

4

) is p ossible without making double

use of some in termediate sub expression; the shortest algebraic form ulas for S

2

,

including nice symmetrical ones lik e

�

( x

1

^ x

2

) _ ( x

3

^ x

4

)

�

�

�

( x

1

_ x

2

) ^ ( x

3

_ x

4

)

�

; ( 8 )

all ha v e cost 7. But Fig. 5 sho ws that the other symmetric functions of four v ari-

ables can all b e ev aluated optimally via \pure" binary trees, without o v erlapping

subtrees except at external no des (whic h represen t the v ariables).

2



7.1.2 BOOLEAN EV ALUA TION 3

^

^ ^

1 2 3 4

S

4

=

+

^ ^

^

_ _

^

1 2 3 4 1 2 3 4

S

3

=

^

_

^

^ ^

_ _

1 2 3 4 1 2 3 4

S

34

=

_

_

+

+ + +

1 3 1 2 3 4

S

2

=

_

_

+

_

+ +

3

1 2 1 2 3 4

S

24

=

+

_

_

+ +

+

1 2

3 3 4

1 2

S

23

= _

_

^

^ ^

_ _

1 2 3 4 1 2 3 4

S

234

=

+

_ _

_

^ ^

_

1 2 3 4 1 2 3 4

S

1

=

+

^

_

_ _

+ +

1 2 3 4 1 2 3 4

S

14

=

+

+ +

1 2 3 4

S

13

= _

^

+

^

+ +

3

1 2 1 2 3 4

S

134

=

+

_

^

+ +

+

1 2

3 3 4

1 2

S

12

=

+

_ _

^ ^

+ +

1 2 3 4 1 2 3 4

S

124

= _

_

+

+ +

1 2 3 4

1 3

S

123

=

_

_ _

1 2 3 4

S

1234

=

Fig. 5. Optim um Bo olean c hains for the

symmetric functions of four v ariables.

In general, if f ( x

1

; : : : ; x

n

) is an y Bo olean function, w e sa y that its length

L ( f ) is the n um b er of binary op erators in the shortest form ula for f . Ob viously

L ( f ) � C ( f ); and w e can easily v erify that L ( f ) = C ( f ) whenev er n � 3, b y

considering the fourteen basic t yp es of 3-v ariable functions in 7.1.1{( 95 ). But w e

ha v e just seen that L ( S

2

) = 7 exceeds C ( S

2

) = 6 when n = 4, and in fact L ( f )

is almost alw a ys substan tially larger than C ( f ) when n is large (see exercise 49).

The depth D ( f ) of a Bo olean function f is another imp ortan t measure of its

inheren t complexit y: W e sa y that the depth of a Bo olean c hain is the length of the

longest do wn w ard path in its tree diagram, and D ( f ) is the minim um ac hiev able

depth when all Bo olean c hains for f are considered. All of the c hains illustrated

in Fig. 5 ha v e not only the minim um cost but also the minim um depth | except

in the cases S

23

and S

12

, where w e cannot sim ultaneously ac hiev e cost 6 and

depth 3. The form ula

S

23

( x

1

; x

2

; x

3

; x

4

) =

�

( x

1

^ x

2

) � ( x

3

^ x

4

)

�

�

�

( x

1

_ x

2

) ^ ( x

3

� x

4

)

�

( 9 )

sho ws that D ( S

23

) = 3, and a similar form ula w orks for S

12

.

Optim um c hains for n = 4. Exhaustiv e computations for 4-v ariable functions

are feasible b ecause suc h functions ha v e only 2

16

= 65 ; 536 p ossible truth tables.

In fact w e need only consider half of those truth tables, b ecause the complemen t

�

f

of an y function f has the same cost, length, and depth as f itself.

3



4 COMBINA TORIAL ALGORITHMS (F0C) 7.1.2

Let's sa y that f ( x

1

; : : : ; x

n

) is normal if f (0 ; : : : ; 0) = 0, and in general that

f ( x

1

; : : : ; x

n

) � f (0 ; : : : ; 0) ( 10 )

is the \normalization" of f . An y Bo olean c hain can b e normalized b y normalizing

eac h of its steps and b y making appropriate c hanges to the op erators; for if

( ^ x

1

; : : : ; ^x

i � 1

) are the normalizations of ( x

1

; : : : ; x

i � 1

) and if x

i

= x

j ( i )

�

i

x

k ( i )

as

in ( 1 ) , then ^x

i

is clearly a binary function of ^x

j ( i )

and ^x

k ( i )

. (Exercise 7 presen ts

an example.) Therefore w e can restrict consideration to normal Bo olean c hains,

without loss of generalit y .

Notice that a Bo olean c hain is normal if and only if eac h of its binary

op erators �

i

is normal. And there are only eigh t normal binary op erators |

three of whic h, namely

?

, , and , are trivial. So w e can assume that all

Bo olean c hains of in terest are formed from the �v e op erators ^ , � , � , _ , and � ,

whic h are denoted resp ectiv ely b y

^

,

_

,

_

, _ , and

+

in Fig. 5. F urthermore

w e can assume that j ( i ) < k ( i ) in eac h step.

There are 2

15

= 32 ; 768 normal functions of four v ariables, and w e can com-

pute their lengths without di�cult y b y systematically en umerating all functions

of length 0, 1, 2, etc. Indeed, L ( f ) = r implies that f = g � h for some g and h ,

where L ( g ) + L ( h ) = r � 1 and � is one of the �v e non trivial normal op erators;

so w e can pro ceed as follo ws:

Algorithm L ( Find normal lengths ). This algorithm determines L ( f ) for all

normal truth tables 0 � f < 2

2

n

� 1

, b y building lists of all nonzero normal

functions of length r for r � 0.

L1. [Initialize.] Let L (0)  0 and L ( f )  1 for 1 � f < 2

2

n

� 1

. Then, for

1 � k � n , set L ( x

k

)  0 and put x

k

in to list 0, where

x

k

= (2

2

n

� 1) = (2

2

n � k

+ 1) ( 11 )

is the truth table for x

k

. (See exercise 8.) Finally , set c  2

2

n

� 1

� n � 1;

c is the n um b er of places where L ( f ) = 1 .

L2. [Lo op on r .] Do step L3 for r = 1, 2, : : : ; ev en tually the algorithm will

terminate when c b ecomes 0.

L3. [Lo op on j and k .] Do step L4 for j = 0, 1, : : : , and k = r � 1 � j , while

j � k .

L4. [Lo op on g and h .] Do step L5 for all g in list j and all h in list k . (If j = k ,

it su�ces to restrict h to functions that fol low g in list k .)

L5. [Lo op on f .] Do step L6 for f = g & h , f = �g & h , f = g &

�

h , f = g j h , and

f = g � h . (Here g & h denotes the bit wise AND of the in tegers g and h ; w e

are represen ting truth tables b y in tegers in binary notation.)

L6. [Is f new?] If L ( f ) = 1 , set L ( f )  r , c  c � 1, and put f in list r .

T erminate the algorithm if c = 0.

Exercise 10 sho ws that a similar pro cedure will compute all depths D ( f ).

With a little more w ork, w e can in fact mo dify Algorithm L so that it �nds

b etter upp er b ounds on C ( f ), b y computing a heuristic bit v ector � ( f ) called

4
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T able 1

THE NUMBER OF F OUR-V ARIABLE FUNCTIONS WITH GIVEN COMPLEXITY

C ( f ) Classes F unctions L ( f ) Classes F unctions D ( f ) Classes F unctions

0 2 10 0 2 10 0 2 10

1 2 60 1 2 60 1 2 60

2 5 456 2 5 456 2 17 1458

3 20 2474 3 20 2474 3 179 56456

4 34 10624 4 34 10624 4 22 7552

5 75 24184 5 75 24184 5 0 0

6 72 25008 6 68 24640 6 0 0

7 12 2720 7 16 3088 7 0 0

the \fo otprin t" of f . A normal Bo olean c hain can b egin in only 5

�

n

2

�

di�eren t

w a ys, since the �rst step x

n +1

m ust b e either x

1

^ x

2

or �x

1

^ x

2

or x

1

^ �x

2

or

x

1

_ x

2

or x

1

� x

2

or x

1

^ x

3

or � � � or x

n � 1

� x

n

. Supp ose � ( f ) is a bit v ector of

length 5

�

n

2

�

and U ( f ) is an upp er b ound on C ( f ), with the follo wing prop ert y:

Ev ery 1 bit in � ( f ) corresp onds to the �rst step of some Bo olean c hain that

computes f in U ( f ) steps.

Suc h pairs ( U ( f ) ; � ( f )) can b e computed b y extending the basic strategy of

Algorithm L. Initially w e set U ( f )  1 and w e set � ( f ) to an appropriate v ector

0 : : : 010 : : : 0, for all functions f of cost 1. Then, for r = 2, 3, : : : , w e pro ceed to

lo ok for functions f = g � h where U ( g ) + U ( h ) = r � 1, as b efore, but with t w o

c hanges: (1) If the fo otprin ts of g and h ha v e at least one elemen t in common,

namely if � ( g ) & � ( h ) 6= 0, then w e kno w that C ( f ) � r � 1, so w e can decrease

U ( f ) if it w as � r . (2) If the cost of g � h is equal to (but not less than) our

curren t upp er b ound U ( f ), w e can set � ( f )  � ( f ) j ( � ( g ) j � ( h )) if U ( f ) = r ,

� ( f )  � ( f ) j ( � ( g ) & � ( h )) if U ( f ) = r � 1. Exercise 11 w orks out the details.

It turns out that this fo otprin t heuristic is p o w erful enough to �nd c hains of

optim um cost U ( f ) = C ( f ) for all functions f , when n = 4. Moreo v er, w e'll see

later that fo otprin ts also help us solv e more complicated ev aluation problems.

According to T able 7.1.1{5, the 2

16

= 65 ; 536 functions of four v ariables

b elong to only 222 distinct classes when w e ignore minor di�erences due to

p erm utation of v ariables and/or complemen tation of v alues. Algorithm L and

its v arian ts lead to the o v erall statistics sho wn in T able 1.

*Ev aluation with minim um memory . Supp ose the Bo olean v alues x

1

, : : : , x

n

app ear in n registers, and w e w an t to ev aluate a function b y p erforming a

sequence of op erations ha ving the form

x

j ( i )

 x

j ( i )

�

i

x

k ( i )

; for 1 � i � r ; ( 12 )

where 1 � j ( i ) � n and 1 � k ( i ) � n and �

i

is a binary op erator. A t the end of

the computation, the desired function v alue should app ear in one of the registers.

When n = 3, for example, the four-step sequence

( x

1

= 00001111 x

2

= 00110011 x

3

= 01010101)

x

1

 x

1

� x

2

( x

1

= 00111100 x

2

= 00110011 x

3

= 01010101)

x

3

 x

3

^ x

1

( x

1

= 00111100 x

2

= 00110011 x

3

= 00010100)

x

2

 x

2

^ �x

1

( x

1

= 00111100 x

2

= 00000011 x

3

= 00010100)

x

3

 x

3

_ x

2

( x

1

= 00111100 x

2

= 00000011 x

3

= 00010111)

( 13 )

5
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computes the median h x

1

x

2

x

3

i and puts it in to the original p osition of x

3

. (All

eigh t p ossibilities for the register con ten ts are sho wn here as truth tables, b efore

and after eac h op eration.)

In fact w e can c hec k the calculation b y w orking with only one truth table at a

time, instead of k eeping trac k of all three, if w e analyze the situation bac kw ards.

Let f

l

( x

1

; : : : ; x

n

) denote the function computed b y steps l , l + 1, : : : , r of the

sequence, omitting the �rst l � 1 steps; th us, in our example, f

2

( x

1

; x

2

; x

3

) w ould

b e the result in x

3

after the three steps x

3

 x

3

^ x

1

, x

2

 x

2

^ �x

1

, x

3

 x

3

_ x

2

.

Then the function computed in register x

3

b y all four steps is

f

1

( x

1

; x

2

; x

3

) = f

2

( x

1

� x

2

; x

2

; x

3

) : ( 14 )

Similarly f

2

( x

1

; x

2

; x

3

) = f

3

( x

1

; x

2

; x

3

^ x

1

), f

3

( x

1

; x

2

; x

3

) = f

4

( x

1

; x

2

^ �x

1

; x

3

),

f

4

( x

1

; x

2

; x

3

) = f

5

( x

1

; x

2

; x

3

_ x

2

), and f

5

( x

1

; x

2

; x

3

) = x

3

. W e can therefore go

bac k from f

5

to f

4

to � � � to f

1

b y op erating on truth tables in an appropriate w a y .

F or example, supp ose f ( x

1

; x

2

; x

3

) is a function whose truth table is

t = a

0

a

1

a

2

a

3

a

4

a

5

a

6

a

7

;

then the truth table for g ( x

1

; x

2

; x

3

) = f ( x

1

� x

2

; x

2

; x

3

) is

u = a

0

a

1

a

6

a

7

a

4

a

5

a

2

a

3

;

obtained b y replacing a

x

b y a

x

0

, where

x = ( x

1

x

2

x

3

)

2

implies x

0

= (( x

1

� x

2

) x

2

x

3

)

2

:

Similarly the truth table for, sa y , h ( x

1

; x

2

; x

3

) = f ( x

1

; x

2

; x

3

^ x

1

) is

v = a

0

a

0

a

2

a

2

a

4

a

5

a

6

a

7

:

And w e can use bit wise op erations to compute u and v from t :

u = t �

�

( t � ( t � 4) � ( t � 4)) & (00110011)

2

�

; ( 15 )

v = t �

�

( t � ( t � 1)) & (01010000)

2

�

: ( 16 )

Let C

m

( f ) b e the length of a shortest minim um-memory computation for f .

The bac kw ard-computation principle tells us that, if w e kno w the truth tables

of all functions f with C

m

( f ) < r , w e can readily �nd all the truth tables of

functions with C

m

( f ) = r . Namely , w e can restrict consideration to normal

functions as b efore. Then, for all normal g suc h that C

m

( g ) = r � 1, w e can

construct the 5 n ( n � 1) truth tables for

g ( x

1

; : : : ; x

j � 1

; x

j

� x

k

; x

j +1

; : : : ; x

n

) ( 17 )

and mark them with cost r if they ha v en't previously b een mark ed. Exercise 14

sho ws that those truth tables can all b e computed b y p erforming simple bit wise

op erations on the truth table for g .

When n = 4, all but 13 of the 222 basic function t yp es turn out to ha v e

C

m

( f ) = C ( f ), so they can b e ev aluated in minim um memory without increasing

the cost. In particular, all of the symmetric functions ha v e this prop ert y |

although that fact is not at all ob vious from Fig. 5. Fiv e classes of functions

6
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ha v e C ( f ) = 5 but C

m

( f ) = 6; eigh t classes ha v e C ( f ) = 6 but C

m

( f ) = 7. The

most in teresting example of the latter t yp e is probably the function ( x

1

_ x

2

) �

( x

3

_ x

4

) � ( x

1

^ x

2

^ x

3

^ x

4

), whic h has cost 6 b ecause of the form ula

x

1

� ( x

3

_ x

4

) �

�

x

2

^ ( � x

1

_ ( x

3

^ x

4

))

�

; ( 18 )

but it has no minim um-memory c hain of length less than 7. (See exercise 15.)

*Determining the minim um cost. The exact v alue of C ( f ) can b e found b y

observing that all optim um Bo olean c hains ( x

n +1

; : : : ; x

n + r

) for f satisfy at least

one of three conditions:

i) x

n + r

= x

j

� x

k

, where x

j

and x

k

use no common in termediate results;

ii) x

n +1

= x

j

� x

k

, where either x

j

or x

k

is not used in steps x

n +2

, : : : , x

n + r

;

iii) Neither of the ab o v e.

In case (i) w e ha v e f = g � h , where C ( g ) + C ( h ) = r � 1, and w e can call this

a \top-do wn" construction. In case (ii) w e ha v e f ( x

1

; : : : ; x

n

) = g ( x

1

; : : : ; x

j � 1

;

x

j

� x

k

; x

j +1

; : : : ; x

n

), where C ( g ) = r � 1; w e call this construction \b ottom-up."

The b est c hains that recursiv ely use only top-do wn constructions corresp ond

to minim um form ula length, L ( f ). The b est c hains that recursiv ely use only

b ottom-up constructions corresp ond to minim um-memory calculations, of length

C

m

( f ). W e can do b etter y et, b y mixing top-do wn constructions with b ottom-up

constructions; but w e still w on't kno w that w e'v e found C ( f ), b ecause a sp ecial

c hain b elonging to case (iii) migh t b e shorter.

F ortunately suc h sp ecial c hains are rare, b ecause they m ust satisfy rather

strong conditions, and they can b e exhaustiv ely listed when n and r aren't to o

large. F or example, exercise 19 pro v es that no sp ecial c hains exist when r < n + 2;

and when n = 4, r = 6, there are only 25 essen tially di�eren t sp ecial c hains that

cannot ob viously b e shortened:

1

1

2

23

4

1

1

2

2

3

4

1 12 2

3 4

1

1

2

23

4

1

1

2

2

3

4

1

1

2

2

3

4

1

1

2

23

4

1

1

2

2 3

4

1

1

2

23

4

1

1

2

2

3

4

1

1

2

2

3

4

1

1

2

2

3

4

1

1

2

2

3

4

1

1

2

2

3

4

1

1

2

2

3

4

1

1

2

2

3

4

1

1

2

2

3 4

1

1

2

2

3

4

1

1

2

2

3

4

1

1

2

2

3

4

1

1

2

2

3

4

1

1

2

2

3

4

1

1

2

2

3

4

1

1

2

2

3

4

1

1

2

2

3

4

By systematically trying 5

r

p ossibilities in ev ery sp ecial c hain, one for eac h w a y

to assign a normal op erator to the in ternal no des of the tree, w e will �nd at least

7



8 COMBINA TORIAL ALGORITHMS (F0C) 7.1.2

one function f in ev ery equiv alence class for whic h the minim um cost C ( f ) is

ac hiev able only in case (iii).

In fact, when n = 4 and r = 6, these 25 � 5

6

= 390 ; 625 trials yield only

one class of functions that can't b e computed in 6 steps b y an y top-do wn-plus-

b ottom-up c hain. The missing class, t ypi�ed b y the partially symmetric function

( h x

1

x

2

x

3

i _ x

4

) � ( x

1

^ x

2

^ x

3

), can b e reac hed in six steps b y appropriately

sp ecializing an y of the �rst �v e c hains illustrated ab o v e; for example, one w a y is

x

5

= x

1

^ x

2

; x

6

= x

1

_ x

2

; x

7

= x

3

� x

5

;

x

8

= x

4

^ �x

5

; x

9

= x

6

^ x

7

; x

10

= x

8

_ x

9

; ( 19 )

corresp onding to the �rst sp ecial c hain. Since all other functions ha v e L ( f ) � 7,

these trial calculations ha v e established the true minim um cost in all cases.

Historic al notes: The �rst concerted attempts to ev aluate all Bo olean func-

tions f ( w ; x; y ; z ) optimally w ere rep orted in Annals of the Computation Lab o-

ratory of Harv ard Univ ersit y 27 (1951), where Ho w ard Aik en's sta� presen ted

heuristic metho ds and extensiv e tables of the b est switc hing circuits they w ere

able to construct. Their cost measure V ( f ) w as di�eren t from the cost C ( f )

that w e'v e b een considering, b ecause it w as based on \con trol grids" of v acuum

tub es: They had three kinds of gates, NOR , OR , and NAND , eac h of whic h could

tak e k inputs with cost k . Ev ery input to suc h a gate could b e either a v ariable,

or the complemen t of a v ariable, or the result of a previous gate. F urthermore

the function b eing ev aluated w as represen ted at the top lev el as an AND of an y

n um b er of gates, with no additional cost.

With those cost criteria, a function migh t not ha v e the same cost as its com-

plemen t, b ecause AND gates w ere p ossible only at the top lev el. One could ev alu-

ate x ^ y as NOR ( � x; �y ), with cost 2; but the cost of �x _ ( � y ^ �z ) = NAND ( x; OR ( y ; z ))

w as 4 while its complemen t x ^ ( y _ z ) = AND

�

NOR ( � x ) ; OR ( y ; z )

�

cost only 3.

Therefore the Harv ard researc hers needed to consider 402 essen tially di�er-

en t classes of 4-v ariable functions instead of 222 (see the answ er to exercise

7.1.1{125). Of course in those da ys they w ere w orking b y hand. They found

V ( f ) < 20 in all cases, except for the 64 functions equiv alen t to S

01

( w ; x; y ; z ) _

�

S

2

( w ; x; y ) ^ z

�

, whic h they ev aluated with 20 con trol grids as follo ws:

g

1

= NOR ( �w ; �x ) ; g

2

= NAND ( � y ; z ) ; g

3

= NOR ( w ; x ) ;

f = AND

�

NAND ( g

1

; g

2

) ; NAND ( g

3

; NOR ( � y ; �z )) ;

NOR ( NOR ( g

3

; �y ; z ) ; NOR ( g

1

; g

2

; g

3

))

�

: ( 20 )

The �rst computer program to �nd pro v ably optim um circuits w as written

b y Leo Hellerman [ IEEE T ransactions EC-12 (1963), 198{223], who determined

the few est NOR gates needed to ev aluate an y giv en function f ( x; y ; z ). He re-

quired ev ery input of ev ery gate to b e either an uncomplemen ted v ariable or

the output of a previous gate; fan-in and fan-out w ere limited to at most 3.

When t w o circuits had the same gate coun t, he preferred the one with smallest

sum-of-inputs. F or example, he computed �x = NOR ( x ) with cost 1; x _ y _ z =

NOR ( NOR ( x; y ; z )) with cost 2; h xy z i = NOR ( NOR ( x; y ) ; NOR ( x; z ) ; NOR ( y ; z ))

8



7.1.2 BOOLEAN EV ALUA TION 9

T able 2

THE NUMBER OF FIVE-V ARIABLE FUNCTIONS WITH GIVEN COMPLEXITY

C ( f ) Classes F unctions L ( f ) Classes F unctions D ( f ) Classes F unctions

0 2 12 0 2 12 0 2 12

1 2 100 1 2 100 1 2 100

2 5 1140 2 5 1140 2 17 5350

3 20 11570 3 20 11570 3 1789 6702242

4 93 109826 4 93 109826 4 614316 4288259592

5 389 995240 5 366 936440 5 0 0

6 1988 8430800 6 1730 7236880 6 0 0

7 11382 63401728 7 8782 47739088 7 0 0

8 60713 383877392 8 40297 250674320 8 0 0

9 221541 1519125536 9 141422 955812256 9 0 0

10 293455 2123645248 10 273277 1945383936 10 0 0

11 26535 195366784 11 145707 1055912608 11 0 0

12 1 1920 12 4423 31149120 12 0 0

with cost 4; S

1

( x; y ; z ) = NOR

�

NOR ( x; y ; z ) ; h xy z i

�

with cost 6; etc. Since he

limited the fan-out to 3, he found that ev ery function of three v ariables could b e

ev aluated with cost 7 or less, except for the parit y function x � y � z = ( x

�

y )

�

z ,

where x

�

y has cost 4 b ecause it is NOR ( NOR ( x; NOR ( x; y )) ; NOR ( y ; NOR ( x; y ))).

Electrical engineers con tin ued to explore other cost criteria; but four-v ariable

functions seemed out of reac h un til 1977, when F rank M. Liang established the

v alues of C ( f ) sho wn in T able 1. Liang's unpublished deriv ation w as based on

a study of all c hains that cannot b e reduced b y the b ottom-up construction.

The case n = 5. There are 616,126 classes of essen tially di�eren t functions

f ( x

1

; x

2

; x

3

; x

4

; x

5

), according to T able 7.1.1{5. Computers are no w fast enough

that this n um b er is no longer frigh tening; so the author decided while writing

this section to in v estigate C ( f ) for all Bo olean functions of �v e v ariables. Thanks

to a bit of go o d luc k, complete results could indeed b e obtained, leading to the

statistics sho wn in T able 2.

F or this calculation Algorithm L and its v arian ts w ere mo di�ed to deal

with class represen tativ es, instead of with the en tire set of 2

31

normal truth

tables. The metho d of exercise 7.2.1.2{20 made it easy to generate all functions

of a class, giv en an y one of them, resulting in a thousand-fold sp eedup. The

b ottom-up metho d w as enhanced sligh tly , allo wing it to deduce for example that

f ( x

1

^ x

2

; x

1

_ x

2

; x

3

; x

4

; x

5

) has cost � r if C ( f ) = r � 2. After all classes

of cost 10 had b een found, the top-do wn and b ottom-up metho ds w ere able to

�nd c hains of length � 11 for all but sev en classes of functions. Then the time-

consuming part of the computation b egan, in whic h appro ximately 53 million

sp ecial c hains with n = 5 and r = 11 w ere generated; ev ery suc h c hain led to

5

11

= 48 ; 828 ; 125 functions, some of whic h w ould hop efully fall in to the sev en

remaining m ystery classes. But only six of those classes w ere found to ha v e 11-

step solutions. The lone surviv or, whose truth table is 169ae443 in hexadecimal

notation, is the unique class for whic h C ( f ) = 12, and it also has L ( f ) = 12.

The resulting constructions of symmetric functions are sho wn in Fig. 6.

Some of them are astonishingly b eautiful; some of them are b eautifully simple;

9
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+

^ ^

_

^

^

_

^

^

_

1

1

2 2 5

3 4 3 4

S

4

=

+

^

+ +

^ ^

^

_ _

^

1

1 1

2 3 4 5 2 3 4 5

S

45

=

+

+

^

+

_

_

+ +

+

1 2

3 3 4

1 2

4 5

S

3

=

^

_

+

^ ^

+

_ _

+

+

5

1 2 4

3 4 5 3

1 2

S

35

=

^

_

+

_

^

_

+ +

+

^

3 4 1 2

5

1 2 3 4

S

34

=

+

^

_ _

+ + +

+

+

2 4 5

3

1 2

S

345

=

+

_

_

+

+ +

_ _

+

^

4 5

4

1 2 3 3

1 2

S

25

=

+

+

_

+ +

_

_ _

5

1 2 3 4

1 2 3 4

S

24

=

+

_

_

+

_

+ +

+ +

1

2 3 4 5

1 2 3 4

S

245

=

+

_

+ +

+

_

_

_

+ +

2 3

2

4

2

1 5 4 5

S

235

=

+

_

_

+ + +

+ +

2 3 4 5

1 2 3 4

S

23

=

+

^

_ _

+

^ ^

+

_ _

1

1 4 5 2 3 1

2 3 4 5

S

234

=

^

+ +

+

_

_ _

+ +

1 1

2 3 4 5 2 3 4 5

S

15

=

+

^

_ _

+ + +

+ +

1 5 2 3

1 2 3 4

S

14

=

+

_

+

^

_

_

_ _

+

+ +

1

1

2 3 4 5

2 3 4 5

S

134

=

+

^

+

+ +

_ _

+ +

1 1 2 3 4 5

2 3 4 5

S

125

=

Fig. 6. Bo olean c hains of minim um cost

for symmetric functions of �v e v ariables.

and others are simply astonishing. (Lo ok, for example, at the 8-step computation

of S

23

( x

1

; x

2

; x

3

; x

4

; x

5

), or the elegan t form ula for S

234

, or the nonmonotonic

c hains for S

45

and S

345

.) Inciden tally , T able 2 sho ws that all 5-v ariable functions

ha v e depth � 4, but no attempt to minimize depth has b een made in Fig. 6.

It turns out that all of these symmetric functions can b e ev aluated in

minim um memory without increasing the cost. But no simple pro of of that

fact is kno wn.

10



7.1.2 BOOLEAN EV ALUA TION 11

Multiple outputs. W e often w an t to ev aluate sev eral di�eren t Bo olean func-

tions f

1

( x

1

; : : : ; x

n

), : : : , f

m

( x

1

; : : : ; x

n

) at the same input v alues x

1

, : : : , x

n

;

in other w ords, w e often w an t to ev aluate a m ultibit function y = f ( x ), where

y = f

1

: : : f

m

is a binary v ector of length m and x = x

1

: : : x

n

is a binary

v ector of length n . With luc k, m uc h of the w ork in v olv ed in the computation of

one comp onen t v alue f

j

( x

1

; : : : ; x

n

) can b e shared with the op erations that are

needed to ev aluate the other comp onen t v alues f

k

( x

1

; : : : ; x

n

).

Let C ( f ) = C ( f

1

: : : f

m

) b e the length of a shortest Bo olean c hain that com-

putes all of the non trivial functions f

j

. More precisely , the c hain ( x

n +1

; : : : ; x

n + r

)

should ha v e the prop ert y that, for 1 � j � m , either f

j

( x

1

; : : : ; x

n

) = x

l ( j )

or

f

j

( x

1

; : : : ; x

n

) = �x

l ( j )

, for some l ( j ) with 0 � l ( j ) � n + r , where x

0

= 0. Clearly

C ( f ) � C ( f

1

) + � � � + C ( f

m

), but w e migh t b e able to do m uc h b etter.

F or example, supp ose w e w an t to compute the functions z

1

and z

0

de�ned b y

( z

1

z

0

)

2

= x

1

+ x

2

+ x

3

; ( 21 )

the t w o-bit binary sum of three Bo olean v ariables. W e ha v e

z

1

= h x

1

x

2

x

3

i and z

0

= x

1

� x

2

� x

3

; ( 22 )

so the individual costs are C ( z

1

) = 4 and C ( z

0

) = 2. But it's easy to see that

the com bined cost C ( z

1

z

0

) is at most 5, b ecause x

1

� x

2

is a suitable �rst step

in the ev aluation of eac h bit z

j

:

x

6

= x

3

^ x

4

;

x

7

= x

1

^ x

2

;

z

1

= x

8

= x

6

_ x

7

:

x

4

= x

1

� x

2

;

z

0

= x

5

= x

3

� x

4

; ( 23 )

F urthermore, exhaustiv e calculations sho w that C ( z

1

z

0

) > 4; hence C ( z

1

z

0

) = 5.

Electrical engineers traditionally call a circuit for ( 21 ) a ful l adder , b ecause

n suc h building blo c ks can b e ho ok ed together to add t w o n -bit n um b ers. The

sp ecial case of ( 22 ) in whic h x

3

= 0 is also imp ortan t, although it b oils do wn

simply to

z

1

= x

1

^ x

2

and z

0

= x

1

� x

2

( 24 )

and has complexit y 2; engineers call it a \half adder" in spite of the fact that

the cost of a full adder exceeds the cost of t w o half adders.

The general problem of radix-2 addition

( x

n � 1

: : : x

1

x

0

)

2

( y

n � 1

: : : y

1

y

0

)

2

( z

n

z

n � 1

: : : z

1

z

0

)

2

( 25 )

is to compute n + 1 Bo olean outputs z

n

: : : z

1

z

0

from the 2 n Bo olean inputs

x

n � 1

: : : x

1

x

0

y

n � 1

: : : y

1

y

0

; and it is readily solv ed b y the form ulas

c

j +1

= h x

j

y

j

c

j

i ; z

j

= x

j

� y

j

� c

j

; for 0 � j < n ; ( 26 )

where the c

j

are \carry bits" and w e ha v e c

0

= 0, z

n

= c

n

. Therefore w e can

use a half adder to compute c

1

and z

0

, follo w ed b y n � 1 full adders to compute

the other c 's and z 's, accum ulating a total cost of 5 n � 3. And in fact N. P .

Red'kin [ Problem y Kib ernetiki 38 (1981), 181{216] has pro v ed that 5 n � 3 steps

11



12 COMBINA TORIAL ALGORITHMS (F0C) 7.1.2

are actually necessary , b y constructing an elab orate 35-page pro of b y induction,

whic h concludes with Case 2.2.2.3.1.2.3.2.4.3(!). But the depth of this circuit,

2 n � 1, is far to o large for practical parallel computation, so a great deal of e�ort

has gone in to the task of devising circuits for addition that ha v e depth O (log n )

as w ell as reasonable cost. (See exercises 41{44.)

No w let's extend ( 21 ) and try to compute a general \sidew a ys sum"

( z

b lg n c

: : : z

1

z

0

)

2

= x

1

+ x

2

+ � � � + x

n

: ( 27 )

If n = 2 k + 1, w e can use k full adders to reduce the sum to ( x

1

+ � � � + x

n

) mo d 2

plus k bits of w eigh t 2, b ecause eac h full adder decreases the n um b er of w eigh t-1

bits b y 2. F or example, if n = 9 and k = 4 the computation is

x

10

= x

1

� x

2

� x

3

;

y

1

= h x

1

x

2

x

3

i ;

x

11

= x

4

� x

5

� x

6

;

y

2

= h x

4

x

5

x

6

i ;

x

12

= x

7

� x

8

� x

9

;

y

3

= h x

7

x

8

x

9

i ;

x

13

= x

10

� x

11

� x

12

;

y

4

= h x

10

x

11

x

12

i ;

and w e ha v e x

1

+ � � � + x

9

= x

13

+ 2( y

1

+ y

2

+ y

3

+ y

4

). If n = 2 k is ev en, a

similar reduction applies but with a half adder at the end. The bits of w eigh t 2

can then b e summed in the same w a y; so w e obtain the recurrence

s ( n ) = 5 b n= 2 c � 3 [ n ev en] + s ( b n= 2 c ) ; s (0) = 0 ; ( 28 )

for the total n um b er of gates needed to compute z

b lg n c

: : : z

1

z

0

. (A closed form ula

for s ( n ) app ears in exercise 30.) W e ha v e s ( n ) < 5 n , and the �rst v alues

n = 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

s ( n ) = 0 2 5 9 12 17 20 26 29 34 37 44 47 52 55 63 66 71 74 81

sho w that the metho d is quite e�cien t ev en for small n . F or example, when

n = 5 it pro duces

^

+

_ _

^ ^ ^ ^

+

+

+

+

1 2 3 4 5 5

4

3

1 2

S

45

= z

2

= = z

1

= S

23

= z

0

= S

135

; ( 29 )

whic h computes three di�eren t symmetric functions z

2

= S

45

( x

1

; : : : ; x

5

), z

1

=

S

23

( x

1

; : : : ; x

5

), z

0

= S

135

( x

1

; : : : ; x

5

) in just 12 steps. The 10-step computation

of S

45

is optim um, according to Fig. 6, and of course the 4-step computation of

S

135

is also optim um. F urthermore, although C ( S

23

) = 8, the function S

23

is

computed here in a clev er 10-step w a y that shares all but one gate with S

45

.

Notice that w e can no w compute any symmetric function e�cien tly , b ecause

ev ery symmetric function of f x

1

; : : : ; x

n

g is a Bo olean function of z

b lg n c

: : : z

1

z

0

.

W e kno w, for example, that an y Bo olean function of four v ariables has complexit y

� 7; therefore an y symmetric function S

k

1

::: k

t

( x

1

; : : : ; x

15

) costs at most s (15) +

7 = 62. Surprise: The symmetric functions of n v ariables w ere among the hardest

of all to ev aluate, when n w as small, but they're among the easiest when n � 10.

12



7.1.2 BOOLEAN EV ALUA TION 13

W e can also compute sets of symmetric functions e�cien tly . If w e w an t, sa y ,

to ev aluate all n + 1 symmetric functions S

k

( x

1

; : : : ; x

n

) for 0 � k � n with a

single Bo olean c hain, w e simply need to ev aluate the �rst n + 1 minterms of z

0

, z

1

,

: : : , z

b lg n c

. F or example, when n = 5 the min terms that giv e us all functions S

k

are resp ectiv ely S

0

= �z

0

^ �z

1

^ �z

2

, S

1

= �z

0

^ �z

1

^ z

2

, : : : , S

5

= z

0

^ �z

1

^ z

2

.

Ho w hard is it to compute all 2

n

min terms of n v ariables? Electrical

engineers call this function an n -to-2

n

binary de c o der , b ecause it con v erts n bits

x

1

: : : x

n

in to a sequence of 2

n

bits d

0

d

1

: : : d

2

n

� 1

, exactly one of whic h is 1. The

principle of \divide and conquer" suggests that w e �rst ev aluate all min terms

on the �rst d n= 2 e v ariables, as w ell as all min terms on the last b n= 2 c ; then 2

n

AND gates will �nish the job. The cost of this metho d is t ( n ), where

t (0) = t (1) = 0; t ( n ) = 2

n

+ t ( d n= 2 e ) + t ( b n= 2 c ) for n � 2. ( 30 )

So t ( n ) = 2

n

+ O (2

n= 2

); there's roughly one gate p er min term. (See exercise 32.)

F unctions with m ultiple outputs often help us build larger functions with

single outputs. F or example, w e'v e seen that the sidew a ys adder ( 27 ) allo ws

us to compute symmetric functions; and an n -to-2

n

deco der also has man y

applications, in spite of the fact that 2

n

can b e h uge when n is large. A case in

p oin t is the 2

m

-way multiplexer M

m

( x

1

; : : : ; x

m

; y

0

; y

1

; : : : ; y

2

m

� 1

), also kno wn

as the m -bit stor age ac c ess function , whic h has n = m + 2

m

inputs and tak es

the v alue y

k

when ( x

1

: : : x

m

)

2

= k . By de�nition w e ha v e

M

m

( x

1

; : : : ; x

m

; y

0

; y

1

; : : : ; y

2

m

� 1

) =

2

m

� 1

_

k =0

( d

k

^ y

k

) ; ( 31 )

where d

k

is the k th output of an m -to-2

m

binary deco der; th us, b y ( 30 ) , w e can

ev aluate M

m

with 2

m

+ (2

m

� 1) + t ( m ) = 3 n + O (

p

n ) gates. But exercise 39

sho ws that w e can actually reduce the cost to only 2 n + O (

p

n ). (See also

exercise 79.)

Asymptotic facts. W e'v e seen lots of cases where Bo olean functions can

b e ev aluated with great e�ciency , esp ecially when the n um b er of v ariables is

small. So it's natural to exp ect that, when more v ariables are presen t, ev en

more opp ortunities for ingenious ev aluations will arise. But the truth is exactly

the opp osite, at least from a statistical standp oin t:

Theorem S. The cost of almost ev ery Bo olean function f ( x

1

; : : : ; x

n

) exceeds

2

n

=n . More precisely , if c ( n; r ) Bo olean functions ha v e complexit y � r , w e ha v e

( r � 1)! c ( n; r ) � 2

2 r +1

( n + r � 1)

2 r

: ( 32 )

Pr o of. If a function can b e computed in r � 1 steps, it is also computable b y

an r -step c hain. (This statemen t is ob vious when r = 1, otherwise w e can let

x

n + r

= x

n + r � 1

^ x

n + r � 1

.) W e will sho w that there aren't v ery man y r -step

c hains, hence w e can't compute v ery man y di�eren t functions with cost � r .

Let � b e a p erm utation of f 1 ; : : : ; n + r g that tak es 1 7! 1, : : : , n 7! n , and

n + r 7! n + r ; there are ( r � 1)! suc h p erm utations. Supp ose ( x

n +1

; : : : ; x

n + r

) is a

13



14 COMBINA TORIAL ALGORITHMS (F0C) 7.1.2

Bo olean c hain in whic h eac h of the in termediate steps x

n +1

, : : : , x

n + r � 1

is used

in at least one subsequen t step. Then the p erm uted c hains de�ned b y the rule

x

i

= x

j

0

( i )

�

0

i

x

k

0

( i )

= x

j ( i� ) �

� �

i�

x

k ( i� ) �

� ; for n < i � n + r ; ( 33 )

are distinct for di�eren t � . (If � tak es a 7! b , w e write b = a� and a = b�

�

.)

F or example, if � tak es 5 7! 6 7! 7 7! 8 7! 9 7! 5, the c hain ( 7 ) b ecomes

Original

x

5

= x

1

� x

3

;

x

6

= x

1

� x

2

;

x

7

= x

3

� x

4

;

x

8

= x

5

_ x

6

;

x

9

= x

6

� x

7

;

x

10

= x

8

^ �x

9

;

P erm uted

x

5

= x

1

� x

2

;

x

6

= x

3

� x

4

;

x

7

= x

9

_ x

5

;

x

8

= x

5

� x

6

;

x

9

= x

1

� x

3

;

x

10

= x

7

^ �x

8

:

( 34 )

Notice that w e migh t ha v e j

0

( i ) � k

0

( i ) or j

0

( i ) > i or k

0

( i ) > i , con trary to our

usual rules. But the p erm uted c hain computes the same function x

n + r

as b efore,

and it do esn't ha v e an y cycles b y whic h an en try is de�ned indirectly in terms

of itself, b ecause the p erm uted x

i

is the original x

i�

.

W e can restrict consideration to normal Bo olean c hains, as remark ed earlier.

So the c ( n; r ) = 2 normal Bo olean functions of cost � r lead to ( r � 1)! c ( n; r ) = 2

di�eren t p erm uted c hains, where the op erator �

i

in eac h step is either ^ , _ , � ,

or � . And there are at most 4

r

( n + r � 1)

2 r

suc h c hains, b ecause there are four

c hoices for �

i

and n + r � 1 c hoices for eac h of j ( i ) and k ( i ), for n < i � n + r .

Equation ( 32 ) follo ws; and w e obtain the op ening statemen t of the theorem b y

setting r = b 2

n

=n c . (See exercise 46.)

On the other hand, there's also go o d news for in�nit y-minded p eople: W e

can actually ev aluate ev ery Bo olean function of n v ariables with only sligh tly

more than 2

n

=n steps of computation, ev en if w e a v oid � and

�

, using a tec hnique

devised b y C. E. Shannon and impro v ed b y O. B. Lupano v [ Bell System T ec h.

J. 28 (1949), 59{98, Theorem 6; Isv estiia V uzo v, Radio�zik a 1 (1958), 120{140].

In fact, the Shannon{Lupano v approac h leads to useful results ev en when

n is small, so let's get acquain ted with it b y studying a small example. Consider

f ( x

1

; x

2

; x

3

; x

4

; x

5

; x

6

) =

�

( x

1

x

2

x

3

x

4

x

5

x

6

)

2

is prime

�

; ( 35 )

a function that iden ti�es all 6-bit prime n um b ers. Its truth table has 2

6

= 64

bits, and w e can w ork with it con v enien tly b y using a 4 � 16 arra y to lo ok at

those bits instead of con�ning ourselv es to one dimension:

x

3

= 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1

x

4

= 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1

x

5

= 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1

x

6

= 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

x

1

x

2

= 00

0 0 1 1 0 1 0 1 0 0 0 1 0 1 0 0

x

1

x

2

= 01

0 1 0 1 0 0 0 1 0 0 0 0 0 1 0 1

o

Group 1

x

1

x

2

= 10

0 0 0 0 0 1 0 0 0 1 0 1 0 0 0 1

x

1

x

2

= 11

0 0 0 0 0 1 0 0 0 0 0 1 0 1 0 0

o

Group 2

( 36 )

14



7.1.2 BOOLEAN EV ALUA TION 15

The ro ws ha v e b een divided in to t w o groups of t w o ro ws eac h; and eac h group

of ro ws has 16 columns, whic h are of four basic t yp es, namely

0

0

,

0

1

,

1

0

, or

1

1

. Th us

w e see that the function can b e expressed as

f ( x

1

; : : : ; x

6

) =

�

[ x

1

x

2

2 f 00 g ] ^ [ x

3

x

4

x

5

x

6

2 f 0010 ; 0101 ; 1011 g ]

�

_

�

[ x

1

x

2

2 f 01 g ] ^ [ x

3

x

4

x

5

x

6

2 f 0001 ; 1111 g ]

�

_

�

[ x

1

x

2

2 f 00 ; 01 g ] ^ [ x

3

x

4

x

5

x

6

2 f 0011 ; 0111 ; 1101 g ]

�

_

�

[ x

1

x

2

2 f 10 g ] ^ [ x

3

x

4

x

5

x

6

2 f 1001 ; 1111 g ]

�

_

�

[ x

1

x

2

2 f 11 g ] ^ [ x

3

x

4

x

5

x

6

2 f 1101 g ]

�

_

�

[ x

1

x

2

2 f 10 ; 11 g ] ^ [ x

3

x

4

x

5

x

6

2 f 0101 ; 1011 g ]

�

: ( 37 )

(The �rst line corresp onds to group 1, t yp e

1

0

, then comes group 1, t yp e

0

1

, etc.;

the last line corresp onds to group 2 and t yp e

1

1

.) A function lik e

�

( x

3

x

4

x

5

x

6

)

2

2

f 2 ; 5 ; 11 g

�

is the OR of three min terms of f x

3

; x

4

; x

5

; x

6

g .

In general w e can view the truth table as a 2

k

� 2

n � k

arra y , with l groups

of ro ws ha ving either b 2

k

=l c or d 2

k

=l e ro ws in eac h group. A group of size m

will ha v e columns of 2

m

basic t yp es. W e form a conjunction ( g

it

( x

1

; : : : ; x

k

) ^

h

it

( x

k +1

; : : : ; x

n

)) for eac h group i and eac h nonzero t yp e t , where g

it

is the OR

of all min terms of f x

1

; : : : ; x

k

g for the ro ws of the group where t has a 1, while

h

it

is the OR of all min terms of f x

k +1

; : : : ; x

n

g for the columns ha ving t yp e t in

group i . The OR of all these conjunctions ( g

it

^ h

it

) giv es f ( x

1

; : : : ; x

n

).

Once w e'v e c hosen the parameters k and l , with 1 � k � n � 2 and 1 � l � 2

k

,

the computation starts b y computing all the min terms of f x

1

; : : : ; x

k

g and all

the min terms of f x

k +1

; : : : ; x

n

g , in t ( k ) + t ( n � k ) steps (see ( 30 ) ). Then, for

1 � i � l , w e let group i consist of ro ws for the v alues of ( x

1

; : : : ; x

k

) suc h that

( i � 1)2

k

=l � ( x

1

: : : x

k

)

2

< i 2

k

=l ; it con tains m

i

= d i 2

k

=l e � d ( i � 1)2

k

=l e ro ws.

W e form all functions g

it

for t 2 S

i

, the family of 2

m

i

� 1 nonempt y subsets of

those ro ws; 2

m

i

� m

i

� 1 OR s of previously computed min terms will accomplish

that task. W e also form all functions h

it

represen ting columns of nonzero t yp e t ;

for this purp ose w e'll need at most 2

n � k

� 3 OR op erations in eac h group i , since

w e can OR eac h min term in to the h function of the appropriate t yp e t . Finally

w e compute f =

W

l

i =1

W

t 2 S

i

( g

it

^ h

it

). The total cost is at most

t ( k ) + t ( n � k ) + ( l � 1) +

l

X

i =1

�

(2

m

i

� m

i

� 1) + (2

n � k

� 3) + (2

m

i

� 2)

�

; ( 38 )

th us w e w an t to c ho ose k and l so that this upp er b ound is minimized. Exercise 52

discusses the b est c hoice when n is small. And when n is large, a go o d c hoice

yields a pro v ably near-optim um c hain, at least for most functions:

Theorem L. Let C ( n ) denote the cost of the most exp ensiv e Bo olean functions

of n v ariables. Then as n ! 1 w e ha v e

C ( n ) �

2

n

n

�

1 +

lg n

n

+ O

�

1

n

� �

; ( 39 )

C ( n ) �

2

n

n

�

1 + 3

lg n

n

+ O

�

1

n

� �

: ( 40 )

15
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Pr o of. Exercise 48 sho ws that the lo w er b ound ( 39 ) is a consequence of The-

orem S. F or the upp er b ound, w e set k = b 2 lg n c and l = d 2

k

= ( n � 3 lg n ) e in

Lupano v's metho d; see exercise 53.

Syn thesizing a go o d c hain. F orm ula ( 37 ) isn't the b est w a y to implemen t a 6-

bit prime detector, but it do es suggest a decen t strategy . F or example, w e needn't

let v ariables x

1

and x

2

go v ern the ro ws: Exercise 51 sho ws that a b etter c hain

results if the ro ws are based on x

5

x

6

while the columns come from x

1

x

2

x

3

x

4

,

and in general there are man y w a ys to partition a truth table b y pla ying k of

the v ariables against the other n � k .

F urthermore, w e can impro v e on ( 37 ) b y using our complete kno wledge of

all 4-v ariable functions; there's no need to ev aluate a function lik e [ x

3

x

4

x

5

x

6

2

f 0010 ; 0101 ; 1011 g ] b y �rst computing the min terms of f x

3

; x

4

; x

5

; x

6

g , if w e kno w

the b est w a y to ev aluate ev ery suc h function from scratc h. On the other hand, w e

do need to ev aluate sev eral 4-v ariable functions sim ultaneously , so the min term

approac h migh t not b e suc h a bad idea after all. Can w e really impro v e on it?

Let's try to �nd a go o d w a y to syn thesize a Bo olean c hain that computes a

giv en set of 4-v ariable functions. The six functions of x

3

x

4

x

5

x

6

in ( 37 ) are rather

tame (see exercise 54), so w e'll learn more b y considering a more in teresting

example c hosen from ev eryda y life.

a

b

c

d

e

f

g

A seven-se gment display is a no w-ubiquitous w a y to represen t

a 4-bit n um b er ( x

1

x

2

x

3

x

4

)

2

in terms of sev en clev erly p ositioned

segmen ts that are either visible or in visible. The segmen ts are

traditionally named ( a; b; c; d; e; f ; g ) as sho wn; w e get a `0' b y

turning on segmen ts ( a; b; c; d; e; f ), but a `1' uses only segmen ts

( b; c ). (Inciden tally , the idea for suc h displa ys w as in v en ted b y F. W.

W o o d, U.S. P aten t 974943 (1910), although W o o d's original design

used eigh t segmen ts b ecause he though t that a `4' requires a diagonal strok e.)

Sev en-segmen t displa ys usually supp ort only the decimal digits `0', `1', : : : , `9';

but of course a computer scien tist's digital w atc h should displa y also hexadecimal

digits. So w e shall design sev en-segmen t logic that displa ys the sixteen digits

( 41 )

when giv en the resp ectiv e inputs x

1

x

2

x

3

x

4

= 0000, 0001, 0010, : : : , 1111.

In other w ords, w e w an t to ev aluate sev en Bo olean functions whose truth

tables are resp ectiv ely

a = 1011 0111 1110 0011,

b = 1111 1001 1110 0100,

c = 1101 1111 1111 0100,

d = 1011 0110 1101 1110,

e = 1010 0010 1011 1111,

f = 1000 1111 1111 0011,

g = 0011 1110 1111 1111.

( 42 )

16
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If w e simply w an ted to ev aluate eac h function separately , sev eral metho ds that

w e'v e already discussed w ould tell us ho w to do it with minim um costs C ( a ) = 5,

C ( b ) = C ( c ) = C ( d ) = 6, C ( e ) = C ( f ) = 5, and C ( g ) = 4; the total cost for all

sev en functions w ould then b e 37. But w e w an t to �nd a single Bo olean c hain

that con tains them all, and the shortest suc h c hain is presumably m uc h more

e�cien t. Ho w can w e disco v er it?

W ell, the task of �nding a truly optim um c hain for f a; b; c; d; e; f ; g g is

probably infeasible from a computational standp oin t. But a surprisingly go o d

solution can b e found with the help of the \fo otprin t" idea explained earlier.

Namely , w e kno w ho w to compute not only a function's minim um cost, but also

the set of all �rst steps consisten t with that minim um cost in a normal c hain.

F unction e , for example, has cost 5, but only if w e ev aluate it b y starting with

one of the instructions

x

5

= x

1

� x

4

or x

5

= x

2

^ �x

3

or x

5

= x

2

_ x

3

:

F ortunately , one of the desirable �rst steps b elongs to four of the sev en

fo otprin ts: F unctions c , d , f , and g can all b e ev aluated optimally b y starting

with x

5

= x

2

� x

3

. So that is a natural c hoice; it essen tially sa v es us three steps,

b ecause w e kno w that at most 33 of the original 37 steps will b e needed to �nish.

No w w e can recompute the costs and fo otprin ts of all 2

16

functions, pro ceed-

ing as b efore but also initializing the cost of the new function x

5

to zero. The

costs of functions c , d , f , and g decrease b y 1 as a result, and the fo otprin ts

c hange to o. F or example, function a still has cost 5, but its fo otprin t has

increased from f x

1

� x

3

; x

2

^ x

3

g to f x

1

� x

3

; x

1

^ x

4

; �x

1

^ x

4

; x

2

^ x

3

; �x

2

^ x

4

;

x

2

� x

4

; x

4

^ x

5

; x

4

� x

5

g when the function x

5

= x

2

� x

3

is a v ailable for free.

In fact, x

6

= �x

1

^ x

4

is common to four of the new fo otprin ts, so again w e

ha v e a natural w a y to pro ceed. And when ev erything is recalculated with zero

cost giv en to b oth x

5

and x

6

, the subsequen t step x

7

= x

4

� x

5

turns out to b e

desirable in three of the new est fo otprin ts. Con tin uing in this \greedy" fashion,

w e aren't alw a ys so luc ky , but a remark able c hain of only 22 steps do es emerge:

x

5

= x

2

� x

3

;

x

6

= �x

1

^ x

4

;

x

7

= x

4

� x

5

;

x

8

= x

1

� x

2

;

x

9

= x

3

^ �x

6

;

x

10

= x

8

^ �x

9

;

x

11

= x

1

� x

9

;

�

d = x

12

= x

7

^ �x

11

;

x

13

= x

7

� x

10

;

x

14

= x

5

^ x

13

;

�

b = x

15

= x

9

� x

14

;

x

16

= x

5

� x

6

;

x

17

= x

3

^ �x

15

;

�a = x

18

= �x

17

^ x

16

;

x

19

= x

9

_ x

14

;

�c = x

20

= �x

8

^ x

19

;

x

21

= x

7

^ x

10

;

�e = x

22

= x

6

_ x

21

;

x

23

= x

5

_ x

6

;

�

f = x

24

= �x

8

^ x

15

;

x

25

= x

1

_ x

5

;

g = x

26

= x

9

_ x

25

:

( 43 )

(This is a normal c hain, so it con tains the normalizations f �a;

�

b; �c ;

�

d ; �e;

�

f ; g g

instead of f a; b; c; d; e; f ; g g . Simple c hanges will pro duce the unnormalized

functions without c hanging the cost.)

P artial functions. In practice the output v alue of a Bo olean function is often

sp eci�ed only at certain inputs x

1

: : : x

n

, and the outputs in other cases don't

really matter. W e migh t kno w, for example, that some of the input com binations

17



18 COMBINA TORIAL ALGORITHMS (F0C) 7.1.2

will nev er arise. In suc h cases, w e place an asterisk in to the corresp onding

p ositions of the truth table, instead of sp ecifying 0 or 1 ev erywhere.

The sev en-segmen t displa y pro vides a case in p oin t, b ecause most of its

applications in v olv e only the ten binary-co ded decimal inputs for whic h w e ha v e

( x

1

x

2

x

3

x

4

)

2

� 9. W e don't care what segmen ts are visible in the other six cases.

So the truth tables of ( 42 ) actually b ecome

a = 1011 0111 11 �� ���� ,

b = 1111 1001 11 �� ���� ,

c = 1101 1111 11 �� ���� ,

d = 1011 0110 11 �� ���� ,

e = 1010 0010 10 �� ���� ,

f = 1000 111 � 11 �� ���� ,

g = 0011 1110 11 �� ���� .

( 44 )

(F unction f here has an asterisk also in p osition x

1

x

2

x

3

x

4

= 0111, b ecause a `7'

can b e displa y ed as either or . Both of these st yles app eared ab out equally

often in the displa y units a v ailable to the author when this section w as written.

T runcated v arian ts of the and the w ere sometimes seen in olden da ys, but

they ha v e thankfully disapp eared.)

Asterisks in truth tables are generally kno wn as don 't-c ar es | a quain t term

that could only ha v e b een in v en ted b y an electrical engineer. T able 3 sho ws that

the freedom to c ho ose arbitrary outputs is adv an tageous. F or example, there are

�

16

3

�

2

13

= 4 ; 587 ; 520 truth tables with 3 don't-cares; 69% of them cost 4 or less,

ev en though only 21% of the asterisk-free truth tables p ermit suc h econom y . On

the other hand, don't-cares don't sa v e us as m uc h as w e migh t hop e; exercise 63

pro v es that a random function with, sa y , 30% don't-cares in its truth table tends

to sa v e only ab out 30% of the cost of a fully sp eci�ed function.

What is the shortest Bo olean c hain that ev aluates the sev en partially sp ec-

i�ed functions in ( 44 ) ? Our greedy-fo otprin t metho d adapts itself readily to

the presence of don't-cares, b ecause w e can OR together the fo otprin ts of all 2

d

functions that matc h a pattern with d asterisks. The initial costs to ev aluate eac h

function separately are no w reduced to C ( a ) = 3, C ( b ) = C ( c ) = 2, C ( d ) = 5,

C ( e ) = 2, C ( f ) = 3, C ( g ) = 4, totalling just 21 instead of 37. F unction g hasn't

gotten c heap er, but it do es ha v e a larger fo otprin t. Pro ceeding as b efore, but

taking adv an tage of the don't-cares, w e no w can �nd a suitable c hain of length

only 13 | a c hain with few er than t w o op erations p er output(!):

x

5

= x

1

� x

2

;

x

6

= x

3

^ �x

4

;

x

7

= x

1

� x

3

;

x

8

= x

2

^ �x

6

;

x

9

= x

3

_ x

4

;

�e = x

10

= x

4

_ x

8

;

g = x

11

= x

7

� x

8

;

x

12

= x

4

� x

11

;

�

d = x

13

= x

10

^ x

12

;

�a = x

14

= �x

3

^ x

13

;

�

b = x

15

= x

2

^ �x

13

;

�c = x

16

= �x

2

^ x

6

;

�

f = x

17

= �x

5

^ x

9

: ( 45 )

Tic-tac-to e. Let's turn no w to a sligh tly larger problem, based on a p opular

c hildren's game. Tw o pla y ers tak e turns �lling the cells of a 3 � 3 grid. One

pla y er writes X 's and the other writes O 's, con tin uing un til there either are three

18



7.1.2 BOOLEAN EV ALUA TION 19

T able 3

THE NUMBER OF 4-V ARIABLE FUNCTIONS WITH d DON'T-CARES AND COST c

c = 0 c = 1 c = 2 c = 3 c = 4 c = 5 c = 6 c = 7

d = 0 10 60 456 2474 10624 24184 25008 2720

d = 1 160 960 7296 35040 131904 227296 119072 2560

d = 2 1200 7200 52736 221840 700512 816448 166144

d = 3 5600 33600 228992 831232 2045952 1381952 60192

d = 4 18200 108816 666528 2034408 3505344 1118128 3296

d = 5 43680 257472 1367776 3351488 3491648 433568 32

d = 6 80080 455616 2015072 3648608 1914800 86016

d = 7 114400 606944 2115648 2474688 533568 12032

d = 8 128660 604756 1528808 960080 71520 896

d = 9 114080 440960 707488 197632 4160

d = 10 78960 224144 189248 20160

d = 11 41440 72064 25472 800

d = 12 15480 12360 1280

d = 13 3680 800

d = 14 480

d = 15 32

d = 16 1

X 's or three O 's in a straigh t line (in whic h case that pla y er wins) or all nine

cells are �lled without a winner (in whic h case it's a \cat's game" or tie). F or

example, the game migh t pro ceed th us:

X X

O

X X

O

O X X

O

O X X

X

O

O X X

X

O O

O X X

X

O X O

; ( 46 )

X has w on. Our goal is to design a mac hine that pla ys tic-tac-to e optimally |

making a winning mo v e from eac h p osition in whic h a forced victory is p ossible,

and nev er making a losing mo v e from a p osition in whic h defeat is a v oidable.

More precisely , w e will set things up so that there are 18 Bo olean v ariables

x

1

, : : : , x

9

, o

1

, : : : , o

9

, whic h go v ern lamps to illuminate cells of the curren t

p osition. The cells are n um b ered

1 2 3

4 5 6

7 8 9

as on a telephone dial. Cell j displa ys

an X if x

j

= 1, an O if o

j

= 1, or remains blank if x

j

= o

j

= 0.* W e nev er

ha v e x

j

= o

j

= 1, b ecause that w ould displa y ` XO '. W e shall assume that the

v ariables x

1

: : : x

9

o

1

: : : o

9

ha v e b een set to indicate a legal p osition in whic h

nob o dy has w on; the computer pla ys the X 's, and it is the computer's turn to

mo v e. F or this purp ose w e w an t to de�ne nine functions y

1

, : : : , y

9

, where y

j

means \c hange x

j

from 0 to 1." If the curren t p osition is a cat's game, w e should

mak e y

1

= � � � = y

9

= 0; otherwise exactly one y

j

should b e equal to 1, and of

course the output v alue y

j

= 1 should o ccur only if x

j

= o

j

= 0.

With 18 v ariables, eac h of our nine functions y

j

will ha v e a truth table of

size 2

18

= 262 ; 144. It turns out that only 4520 legal inputs x

1

: : : x

9

o

1

: : : o

9

are

* This setup is based on an exhibit from the early 1950s at the Museum of Science and

Industry in Chicago, where the author w as �rst in tro duced to the magic of switc hing circuits.

The mac hine in Chicago, designed b y researc hers at Bell T elephone Lab oratories, allo w ed me

to go �rst; y et I so on disco v ered that there w as no w a y to defeat it. Therefore I decided to mo v e

as stupidly as p ossible, hoping that the designers had not an ticipated suc h bizarre b eha vior.

In fact I allo w ed the mac hine to reac h a p osition where it had t w o winning mo v es; and it seized

b oth of them! Mo ving t wice is of course a 
agran t violation of the rules, so I had w on a moral

victory ev en though the mac hine announced that I had lost.

19
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I commenced an examination of a game called \tit-tat-to" . . .

to ascertain what numb er of combinations w ere required

fo r all the p ossible va riet y of moves and situations.

I found this to b e compa ratively insigni�cant.

. . . A di�cult y , ho w ever, a rose of a novel kind.

When the automaton had to move, it might o ccur that there w ere

t w o di�erent moves, each equally conducive to his winning the game.

. . . Unless, also, some p rovision w ere made,

the machine w ould attempt t w o contradicto ry motions.

| CHARLES BABBA GE, P assages from the Life of a Philosopher (1864)

p ossible, so those truth tables are 98.3% �lled with don't-cares. Still, 4520 is

uncomfortably large if w e hop e to design and understand a Bo olean c hain that

mak es sense in tuitiv ely . Section 7.1.4 will discuss alternativ e w a ys to represen t

Bo olean functions, b y whic h it is often p ossible to deal with h undreds of v ariables

ev en though the asso ciated truth tables are imp ossibly large.

Most functions of 18 v ariables require more than 2

18

= 18 gates, but let's hop e

w e can do b etter. Indeed, a plausible strategy for making suitable mo v es in

tic-tac-to e suggests itself immediately , in terms of sev eral conditions that aren't

hard to recognize:

w

j

; an X in cell j will win, completing a line of X 's;

b

j

; an O in cell j w ould lose, completing a line of O 's;

f

j

; an X in cell j will giv e X t w o w a ys to win;

d

j

; an O in cell j w ould giv e O t w o w a ys to win.

F or example, X 's mo v e to the cen ter in ( 46 ) w as needed to blo c k O , so it w as of

t yp e b

5

; fortunately it w as also of t yp e f

5

, forcing a win on the next mo v e.

Let L = ff 1 ; 2 ; 3 g ; f 4 ; 5 ; 6 g ; f 7 ; 8 ; 9 g ; f 1 ; 4 ; 7 g ; f 2 ; 5 ; 8 g ; f 3 ; 6 ; 9 g ; f 1 ; 5 ; 9 g ; f 3 ; 5 ; 7 gg

b e the set of winning lines. Then w e ha v e

m

j

= �x

j

^ �o

j

; [mo ving in cell j is legal] ( 47 )

w

j

= m

j

^

W

f i;j;k g2 L

( x

i

^ x

k

); [mo ving in cell j wins] ( 48 )

b

j

= m

j

^

W

f i;j;k g2 L

( o

i

^ o

k

); [mo ving in cell j blo c ks] ( 49 )

f

j

= m

j

^ S

2

�

f �

ik

j f i; j; k g 2 L g

�

; [mo ving in cell j forks] ( 50 )

d

j

= m

j

^ S

2

�

f �

ik

j f i; j; k g 2 L g

�

; [mo ving in cell j defends] ( 51 )

here �

ik

and �

ik

denote a single X or O together with a blank, namely

�

ik

= ( x

i

^ m

k

) _ ( m

i

^ x

k

) ; �

ik

= ( o

i

^ m

k

) _ ( m

i

^ o

k

) : ( 52 )

F or example, b

1

= m

1

^

�

( o

2

^ o

3

) _ ( o

4

^ o

7

) _ ( o

5

^ o

9

)

�

; f

2

= m

2

^ S

2

( �

13

; �

58

) =

m

2

^ �

13

^ �

58

; d

5

= m

5

^ S

2

( �

19

; �

28

; �

37

; �

46

).

With these de�nitions w e migh t try rank-ordering our mo v es th us:

f w

1

; : : : ; w

9

g > f b

1

; : : : ; b

9

g > f f

1

; : : : ; f

9

g > f d

1

; : : : ; d

9

g > f m

1

; : : : ; m

9

g : ( 53 )

\Win if y ou can; otherwise blo c k if y ou can; otherwise fork if y ou can; otherwise

defend if y ou can; otherwise mak e a legal mo v e." F urthermore, when c ho osing

20
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b et w een legal mo v es it seems sensible to use the ordering

m

5

> m

1

> m

3

> m

9

> m

7

> m

2

> m

6

> m

8

> m

4

; ( 54 )

b ecause 5, the middle cell, o ccurs in four winning lines, while a corner mo v e to

1, 3, 9, or 7 o ccurs in three, and a side cell 2, 6, 8, or 4 o ccurs in only t w o. W e

migh t as w ell adopt this ordering of subscripts within all �v e groups of mo v es

f w

j

g , f b

j

g , f f

j

g , f d

j

g , and f m

j

g in ( 53 ) .

T o ensure that at most one mo v e is c hosen, w e de�ne w

0

j

, b

0

j

, f

0

j

, d

0

j

, m

0

j

to

mean \a prior c hoice is b etter." Th us, w

0

5

= 0, w

0

1

= w

5

, w

0

3

= w

1

_ w

0

1

, : : : ,

w

0

4

= w

8

_ w

0

8

, b

0

5

= w

4

_ w

0

4

, b

0

1

= b

5

_ b

0

5

, : : : , m

0

4

= m

8

_ m

0

8

. Then w e can

complete the de�nition of a tic-tac-to e automaton b y letting

y

j

= ( w

j

^ � �w

0

j

) _ ( b

j

^

�

b

0

j

) _ ( f

j

^

�

f

0

j

) _ ( d

j

^

�

d

0

j

) _ ( m

j

^ � �m

0

j

) ; for 1 � j � 9. ( 55 )

So w e'v e constructed 9 gates for the m 's, 48 for the w 's, 48 for the b 's, 144 for

the � 's and � 's, 35 for the f 's (with the help of Fig. 5), 35 for the d 's, 43 for the

primed v ariables, and 80 for the y 's. F urthermore w e can use our kno wledge of

partial 4-v ariable functions to reduce the six op erations in ( 52 ) to only four,

�

ik

= ( x

i

� x

k

) _ ( o

i

� o

k

) ; �

ik

= ( x

i

� x

k

) _ ( o

i

� o

k

) : ( 56 )

This tric k sa v es 48 gates; so our design has cost 396 gates altogether.

The strategy for tic-tac-to e in ( 47 ) {( 56 ) w orks �ne in most cases, but it also

has some glaring glitc hes. F or example, it loses ignominiously in the game

O O

X

O

X

O

O X

X

O

O X

X

O O

O X

X

O X O

O X

O X

O X O

; ( 57 )

the second X mo v e is d

3

, defending against a fork b y O , y et it actually forces O

to fork in the opp osite corner! Another failure arises, for example, after p osition

X

O

, when mo v e m

5

leads to the cat's game

X

X

O

,

X

X

O O

,

X

X

X O O

,

X O

X

X O O

,

X O

X X

X O O

,

X O

O X X

X O O

,

X X O

O X X

X O O

, instead

of to the victory for X that app eared in ( 46 ) . Exercise 65 patc hes things up and

obtains a fully correct Bo olean tic-tac-to e pla y er that needs just 445 gates.

*F unctional decomp osition. If the function f ( x

1

; : : : ; x

n

) can b e written in

the form g ( x

1

; : : : ; x

k

; h ( x

k +1

; : : : ; x

n

)), it's usually a go o d idea to ev aluate y =

h ( x

k +1

; : : : ; x

n

) �rst and then to compute g ( x

1

; : : : ; x

k

; y ). Rob ert L. Ashenh urst

inaugurated the study of suc h decomp ositions in 1952 [see Annals Computation

Lab. Harv ard Univ ersit y 29 (1957), 74{116], and observ ed that there's an easy

w a y to recognize when f has this sp ecial prop ert y: If w e write the truth table

for f in a 2

k

� 2

n � k

arra y as in ( 36 ), with ro ws for eac h setting of x

1

: : : x

k

and

columns for eac h setting of x

k +1

: : : x

n

, then the desired subfunctions g and h

exist if and only if the columns of this arra y ha v e at most t w o di�eren t v alues.

F or example, the truth table for the function h x

1

x

2

h x

3

x

4

x

5

ii is

0 0 0 0 0 0 0 0

0 0 0 1 0 1 1 1

0 0 0 1 0 1 1 1

1 1 1 1 1 1 1 1
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when expressed in this t w o-dimensional form. One t yp e of column corresp onds

to the case h ( x

k +1

; : : : ; x

n

) = 0; the other corresp onds to h ( x

k +1

; : : : ; x

n

) = 1.

In general the v ariables X = f x

1

; : : : ; x

n

g migh t b e partitioned in to an y t w o

disjoin t subsets Y = f y

1

; : : : ; y

k

g and Z = f z

1

; : : : ; z

n � k

g , and w e migh t ha v e

f ( x ) = g ( y ; h ( z )). W e could test for a ( Y ; Z ) decomp osition b y lo oking at the

columns of the 2

k

� 2

n � k

truth table whose ro ws corresp ond to v alues of y . But

there are 2

n

suc h w a ys to partition X ; and all of them are p oten tial winners,

except for trivial cases when j Y j = 0 or j Z j � 1. Ho w can w e a v oid examining

suc h a h um ungous n um b er of p ossibilities?

A practical w a y to pro ceed w as disco v ered b y V. Y.-S. Shen, A. C. McKellar,

and P . W einer [ IEEE T ransactions C-20 (1971), 304{309], whose metho d usually

needs only O ( n

2

) steps to iden tify an y p oten tially useful partition ( Y ; Z ) that

ma y exist. The basic idea is simple: Supp ose x

i

2 Z , x

j

2 Z , and x

m

2 Y .

De�ne eigh t binary v ectors �

l

for l = ( l

1

l

2

l

3

)

2

, where �

l

has ( l

1

; l

2

; l

3

) resp ectiv ely

in comp onen ts ( i; j; m ), and zeros elsewhere. Consider an y randomly c hosen

v ector x = x

1

: : : x

n

, and ev aluate f

l

= f ( x + �

l

) for 0 � l � 7. Then the four pairs

�

f

0

f

1

� �

f

2

f

3

� �

f

4

f

5

� �

f

6

f

7

�

( 58 )

will app ear in a 2 � 4 submatrix of the 2

k

� 2

n � k

truth table. So a decomp osition

is imp ossible if these pairs are distinct, or if they con tain three di�eren t v alues.

Let's call the pairs \go o d" if they're all equal, or if they ha v e only t w o

di�eren t v alues. Otherwise they're \bad." If f has essen tially random b eha vior,

w e'll so on �nd bad pairs if w e do this exp erimen t with sev eral di�eren t randomly

c hosen v ectors x , b ecause only 88 of the 256 p ossibilities for f

0

f

1

: : : f

7

corresp ond

to a go o d set of pairs; the probabilit y of �nding go o d pairs ten times in a ro w is

only (

88

256

)

10

� : 00002. And when w e do disco v er bad pairs, w e can conclude that

x

i

2 Z and x

j

2 Z = ) x

m

2 Z ; ( 59 )

b ecause the alternativ e x

m

2 Y is imp ossible.

Supp ose, for example, that n = 9 and that f is the function whose truth

table 11001001000011 : : : 00101 consists of the 512 most signi�can t bits of � , in

binary notation. (This is the \more-or-less random function" that w e studied

for n = 4 in ( 5 ) and ( 6 ) ab o v e.) Bad pairs for the � function are quic kly

found in eac h of the cases ( i; j; m ) for whic h m 6= i < j 6= m . Indeed, in

the author's exp erimen ts, 170 of those 252 cases w ere decided immediately; the

a v erage n um b er of random x v ectors p er case w as only 1.52; and only one case

needed as man y as eigh t x 's b efore bad pairs app eared. Th us ( 59 ) holds for all

relev an t ( i; j; m ), and the function is clearly indecomp osable. In fact, exercise

73 p oin ts out that w e needn't mak e 252 tests to establish the indecomp osabilit y

of this � function; only

�

n

2

�

= 36 of them w ould ha v e b een su�cien t.

T urning to a less random function, let f ( x

1

; : : : ; x

9

) = (det X ) mo d 2, where

X =

0

@

x

1

x

2

x

3

x

4

x

5

x

6

x

7

x

8

x

9

1

A

: ( 60 )
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This function do es not satisfy condition ( 59 ) when i = 1, j = 2, and m = 3,

b ecause there are no bad pairs in that case. But it do es satisfy ( 59 ) for 4 � m � 9

when f i; j g = f 1 ; 2 g . W e can denote this b eha vior b y the con v enien t abbreviation

`12 ) 456789'; the full set of implications, for all pairs f i; j g , is

12 ) 456789

13 ) 456789

14 ) 235689

15 ) 36789

16 ) 25789

17 ) 235689

18 ) 34569

19 ) 24568

23 ) 456789

24 ) 36789

25 ) 134679

26 ) 14789

27 ) 34569

28 ) 134679

29 ) 14567

34 ) 25789

35 ) 14789

36 ) 124578

37 ) 24568

38 ) 14567

39 ) 124578

45 ) 123789

46 ) 123789

47 ) 235689

48 ) 12369

49 ) 12358

56 ) 123789

57 ) 12369

58 ) 134679

59 ) 12347

67 ) 12358

68 ) 12347

69 ) 124578

78 ) 123456

79 ) 123456

89 ) 123456

(see exercise 69). Bad pairs are a little more di�cult to �nd when w e prob e

this function at random: The a v erage n um b er of x 's needed in the author's

exp erimen ts rose to ab out 3.6, when bad pairs did exist. And of course there

w as a need to limit the testing, b y c ho osing a tolerance threshold t and then

giving up when t consecutiv e trials failed to �nd an y bad pairs. Cho osing t = 10

w ould ha v e found all but 8 of the 198 implications listed ab o v e.

Implications lik e ( 59 ) are Horn clauses, and w e kno w from Section 7.1.1 that

it's easy to mak e further deductions from Horn clauses. Indeed, the metho d of

exercise 74 will deduce that the only p ossible partition with j Z j > 1 is the trivial

one ( Y = ; , Z = f x

1

; : : : ; x

9

g ), after lo oking at few er than 50 cases ( i; j; m ).

Similar results o ccur when f ( x

1

; : : : ; x

9

) = [ p er X > 0 ], where p er denotes

the p ermanent function. (In this case f tells us if there is a matc hing in the

bipartite subgraph of K

3 ; 3

whose edges are sp eci�ed b y the v ariables x

1

: : : x

9

.)

No w there are just 180 implications,

12 ) 456789

13 ) 456789

14 ) 235689

15 ) 3678

16 ) 2579

17 ) 235689

18 ) 3459

19 ) 2468

23 ) 456789

24 ) 3678

25 ) 134679

26 ) 1489

27 ) 3459

28 ) 134679

29 ) 1567

34 ) 2579

35 ) 1489

36 ) 124578

37 ) 2468

38 ) 1567

39 ) 124578

45 ) 123789

46 ) 123789

47 ) 235689

48 ) 1269

49 ) 1358

56 ) 123789

57 ) 1269

58 ) 134679

59 ) 2347

67 ) 1358

68 ) 2347

69 ) 124578

78 ) 123456

79 ) 123456

89 ) 123456 ;

only 122 of whic h w ould ha v e b een disco v ered with t = 10 as the cuto� threshold.

(The b est c hoice of t is not clear; p erhaps it should v ary dynamically .) Still, those

122 Horn clauses w ere more than enough to establish indecomp osabilit y .

What ab out a decomp osable function? With f = h x

2

x

3

x

6

x

9

h x

1

x

4

x

5

x

7

x

8

ii

w e get i ^ j ) m for all m =2 f i; j g , except when f i; j g � f 1 ; 4 ; 5 ; 7 ; 8 g ; in the latter

case, m m ust also b elong to f 1 ; 4 ; 5 ; 7 ; 8 g . Although only 185 of these 212 impli-

cations w ere disco v ered with tolerance t = 10, the partition Y = f x

2

; x

3

; x

6

; x

9

g ,

Z = f x

1

; x

4

; x

5

; x

7

; x

8

g emerged quic kly as a strong p ossibilit y .

Whenev er a p oten tial decomp osition is supp orted b y the evidence, w e need

to v erify that the corresp onding 2

k

� 2

n � k

truth table do es indeed ha v e only

one or t w o distinct columns. But w e're happ y to sp end 2

n

units of time on that

v eri�cation, b ecause w e'v e greatly simpli�ed the ev aluation of f .

23
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The comparison function f =

�

( x

1

x

2

x

3

x

4

)

2

� ( x

5

x

6

x

7

x

8

)

2

+ x

9

�

is another

in teresting case. Its 184 p oten tially deducible implications are

12 ) 3456789

13 ) 2456789

14 ) 2356789

15 ) 2346789

16 ) 2345789

17 ) 2345689

18 ) 2345679

19 ) 2345678

23 ) 46789

24 ) 36789

25 ) 1346789

26 ) 34789

27 ) 34689

28 ) 34679

29 ) 34678

34 ) 789

35 ) 1246789

36 ) 24789

37 ) 489

38 ) 479

39 ) 478

45 ) 1236789

46 ) 23789

47 ) 389

48 ) 9

49 ) 8

56 ) 1234789

57 ) 1234689

58 ) 1234679

59 ) 1234678

67 ) 23489

68 ) 23479

69 ) 23478

78 ) 349

79 ) 348

89 ) 4 ;

and 145 of them w ere found when t = 10. Three decomp ositions rev eal them-

selv es in this case, ha ving Z = f x

4

; x

8

; x

9

g , Z = f x

3

; x

4

; x

7

; x

8

; x

9

g , and Z =

f x

2

; x

3

; x

4

; x

6

; x

7

; x

8

; x

9

g , resp ectiv ely . Ashenh urst pro v ed that w e can reduce f

immediately as so on as w e �nd a non trivial decomp osition; the other decomp o-

sitions will sho w up later, when w e try to reduce the simpler functions g and h .

*Decomp osition of partial functions. When the function f is only partially

sp eci�ed, a decomp osition with partition ( Y ; Z ) hinges on b eing able to assign

v alues to the don't-cares so that at most t w o di�eren t columns app ear in the

corresp onding 2

k

� 2

n � k

truth table.

Tw o v ectors u

1

: : : u

m

and v

1

: : : v

m

consisting of 0 s, 1s, and � s are said to

b e inc omp atible if either u

j

= 0 and v

j

= 1 or u

j

= 1 and v

j

= 0, for some j |

equiv alen tly , if the sub cub es of the m -cub e sp eci�ed b y u and v ha v e no p oin ts

in common. Consider the graph whose v ertices are the columns of a truth table

with don't-cares, where u � � � v if and only if u and v are incompatible. W e can

assign v alues to the � s to ac hiev e at most t w o distinct columns if and only if this

graph is bip artite . F or if u

1

, : : : , u

l

are m utually compatible, their generalized

consensus u

1

t � � � t u

l

, de�ned in exercise 7.1.1{32, is compatible with all of them.

[See S. L. High t, IEEE T rans. C-22 (1973), 103{110; E. Boros, V. Gurvic h, P . L.

Hammer, T. Ibaraki, and A. Kogan, Discrete Applied Math. 62 (1995), 51{75.]

Since a graph is bipartite if and only if it con tains no o dd cycles, w e can easily

test this condition with a depth-�rst searc h (see Section 7.4.1).

Consequen tly the metho d of Shen, McKellar, and W einer w orks also when

don't-cares are presen t: The four pairs in ( 58 ) are considered bad if and only

if three of them are m utually incompatible. W e can op erate almost as b efore,

although bad pairs will naturally b e harder to �nd when there are lots of � s (see

exercise 72). Ho w ev er, Ashenh urst's theorem no longer applies. When sev eral

decomp ositions exist, they all should b e explored further, b ecause they migh t use

di�eren t settings of the don't-cares, and some migh t b e b etter than the others.

Although most functions f ( x ) ha v e no simple decomp osition g ( y ; h ( z )), w e

needn't giv e up hop e to o quic kly , b ecause other forms lik e g ( y ; h

1

( z ) ; h

2

( z )) migh t

w ell lead to an e�cien t c hain. If, for example, f is symmetric in three of its v ari-

ables f z

1

; z

2

; z

3

g , w e can alw a ys write f ( x ) = g

�

y ; S

12

( z

1

; z

2

; z

3

) ; S

13

( z

1

; z

2

; z

3

)

�

,

since S

12

( z

1

; z

2

; z

3

) and S

13

( z

1

; z

2

; z

3

) c haracterize the v alue of z

1

+ z

2

+ z

3

.

(Notice that just four steps will su�ce to compute b oth S

12

and S

13

.)

In general, as observ ed b y H. A. Curtis [ JA CM 8 (1961), 484{496], f ( x ) can

b e expressed in the form g ( y ; h

1

( z ) ; : : : ; h

r

( z )) if and only if the 2

k

� 2

n � k

truth
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table corresp onding to Y and Z has at most 2

r

di�eren t columns. And when

don't-cares are presen t, the same result holds if and only if the incompatibilit y

graph for Y and Z can b e colored with at most 2

r

colors.

F or example, the function f ( x ) = (det X ) mo d 2 considered ab o v e turns

out to ha v e eigh t distinct columns when Z = f x

4

; x

5

; x

6

; x

7

; x

8

; x

9

g ; that's a

surprisingly small n um b er, considering that the truth table has 8 ro ws and

64 columns. F rom this fact w e migh t b e led to disco v er ho w to expand a

determinan t b y cofactors of the �rst ro w,

f ( x ) = x

1

^ h

1

( x

4

; : : : ; x

9

) � x

2

^ h

2

( x

4

; : : : ; x

9

) � x

3

^ h

3

( x

4

; : : : ; x

9

) ;

if w e didn't already kno w suc h a rule.

When there are d � 2

r

di�eren t columns, w e can think of f ( x ) as a function

of y and h ( z ), where h tak es eac h binary v ector z

1

: : : z

n � k

in to one of the

v alues f 0 ; 1 ; : : : ; d � 1 g . Th us ( h

1

; : : : ; h

r

) is essen tially an enco ding of the

di�eren t column t yp es, and w e hop e to �nd v ery simple functions h

1

, : : : , h

r

that

pro vide suc h an enco ding. Moreo v er, if d is strictly less than 2

r

, the function

g ( y ; h

1

; : : : ; h

r

) will ha v e man y don't-cares that ma y w ell decrease its cost.

The distinct columns migh t also suggest a function g for whic h the h 's ha v e

don't-cares. F or example, w e can use g ( y

1

; y

2

; h

1

; h

2

) = ( y

1

� ( h

1

^ y

2

)) ^ h

2

when

all columns are either (0 ; 0 ; 0 ; 0)

T

or (0 ; 0 ; 1 ; 1)

T

or (0 ; 1 ; 1 ; 0)

T

; then the v alue

of h

1

( z ) is arbitrary when z corresp onds to an all-zero column. H. A. Curtis

has explained ho w to exploit this idea when j Y j = 1 and j Z j = n � 1 [see IEEE

T ransactions C-25 (1976), 1033{1044].

F or a comprehensiv e discussion of decomp osition tec hniques, see Ric hard M.

Karp, J. So ciet y for Industrial and Applied Math. 11 (1963), 291{335.

Larger v alues of n . W e'v e b een considering only rather tin y examples of

Bo olean functions. Theorem S tells us that large, random examples are inher-

en tly di�cult; but practical examples migh t w ell b e highly nonrandom. So it

mak es sense to searc h for simpli�cations using heuristic metho ds.

When n gro ws, the b est w a ys curren tly kno wn for dealing with Bo olean

functions generally start with a Bo olean c hain | not with a h uge truth table |

and they try to impro v e that c hain via \lo cal c hanges." The c hain can b e

sp eci�ed b y a set of equations. Then, if an in termediate result is used in com-

parativ ely few subsequen t steps, w e can try to eliminate it, temp orarily making

those subsequen t steps in to functions of three v ariables, and reform ulating those

functions in order to mak e a b etter c hain when p ossible.

F or example, supp ose the gate x

i

= x

j

� x

k

is used only once, in the gate

x

l

= x

i

x

m

, so that x

l

= ( x

j

� x

k

) x

m

. Other gates migh t already exist, b y

whic h w e ha v e computed other functions of x

j

, x

k

, and x

m

; and the de�nitions

of x

j

, x

k

, and x

m

ma y imply that some of the join t v alues of ( x

j

; x

k

; x

m

) are

imp ossible. Th us w e migh t b e able to compute x

l

from other gates b y doing

just one further op eration. F or example, if x

i

= x

j

^ x

k

and x

l

= x

i

_ x

m

, and

if the v alues x

j

_ x

m

and x

k

_ x

m

app ear elsewhere in the c hain, w e can set

x

l

= ( x

j

_ x

m

) ^ ( x

k

_ x

m

); this eliminates x

i

and reduces the cost b y 1. Or if,
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sa y , x

j

^ ( x

k

� x

m

) app ears elsewhere and w e kno w that x

j

x

k

x

m

6= 101, w e can

set x

l

= x

m

� ( x

j

^ ( x

k

� x

m

)).

If x

i

is used only in x

l

and x

l

is used only in x

p

, then gate x

p

dep ends on four

v ariables, and w e migh t b e able to reduce the cost b y using our total kno wledge of

four-v ariable functions, obtaining x

p

in a b etter w a y while eliminating x

i

and x

l

.

Similarly , if x

i

app ears only in x

l

and x

p

, w e can eliminate x

i

if w e �nd a b etter

w a y to ev aluate t w o di�eren t functions of four v ariables, p ossibly with don't-

cares and with other functions of those four v ariables a v ailable for free. Again,

w e kno w ho w to solv e suc h problems, using the fo otprin t metho d discussed ab o v e.

When no lo cal c hanges are able to decrease the cost, w e can also try lo cal

c hanges that preserv e or ev en increase the cost, in order to disco v er di�eren t

kinds of c hains that migh t simplify in other w a ys. W e shall discuss suc h lo cal

searc h metho ds extensiv ely in Section 7.10.

Excellen t surv eys of tec hniques for Bo olean optimization, whic h electrical

engineers call the problem of \m ultilev el logic syn thesis," ha v e b een published

b y R. K. Bra yton, G. D. Hac h tel, and A. L. Sangio v anni-Vincen telli, Pro ceedings

of the IEEE 78 (1990), 264{300, and in the b o ok Syn thesis and Optimization of

Digital Circuits b y G. De Mic heli (McGra w{Hill, 1994).

Lo w er b ounds. Theorem S tells us that nearly ev ery Bo olean function of

n � 12 v ariables is hard to ev aluate, requiring a c hain whose length exceeds 2

n

=n .

Y et mo dern computers, whic h are built from logic circuits in v olving electric

signals that represen t thousands of Bo olean v ariables, happily ev aluate zillions

of Bo olean functions ev ery microsecond. Eviden tly there are plen t y of imp ortan t

functions that can b e ev aluated quic kly , in spite of Theorem S. Indeed, the pro of

of that theorem w as indirect; w e simply coun ted the cases of lo w cost, so w e

learned absolutely nothing ab out an y particular examples that migh t arise in

practice. When w e w an t to compute a giv en function and w e can only think of a

lab orious w a y to do the job, ho w can w e b e sure that there's no tric ky shortcut?

The answ er to that question is almost scandalous: After decades of concen-

trated researc h, computer scien tists ha v e b een unable to �nd any explicit family

of functions f ( x

1

; : : : ; x

n

) whose cost is inheren tly nonlinear, as n increases.

The true b eha vior is 2

n

=n , but no lo w er b ound as strong as n log log log n has

y et b een pro v ed! Of course w e could rig up arti�cial examples, suc h as \the

lexicographically smallest truth table of length 2

n

that isn't ac hiev able b y an y

Bo olean c hain of length b 2

n

=n c � 1"; but suc h functions are surely not explicit.

The truth table of an explicit function f ( x

1

; : : : ; x

n

) should b e computable in

at most, sa y , 2

cn

units of time for some constan t c ; that is, the time needed to

sp ecify all of the function v alues should b e p olynomial in the length of the truth

table. Under those ground rules, no family of single-output functions is curren tly

kno wn to ha v e a com binational complexit y that exceeds 3 n + O (1) as n ! 1 .

[See N. Blum, Theoretical Computer Science 28 (1984), 337{345.]

The picture is not totally bleak, b ecause sev eral in teresting line ar lo w er

b ounds ha v e b een pro v ed for functions of practical imp ortance. A basic w a y to

obtain suc h results w as in tro duced b y N. P . Red'kin in 1970: Supp ose w e ha v e
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an optim um c hain of cost r for f ( x

1

; : : : ; x

n

). By setting x

n

 0 or x

n

 1, w e

obtain reduced c hains for the functions g ( x

1

; : : : ; x

n � 1

) = f ( x

1

; : : : ; x

n � 1

; 0) and

h ( x

1

; : : : ; x

n � 1

) = f ( x

1

; : : : ; x

n � 1

; 1), ha ving cost r � u if x

n

w as used as an input

to u di�eren t gates. Moreo v er, if x

n

is used in a \canalizing" gate x

i

= x

n

� x

k

,

where the op erator � is neither � nor

�

, some setting of x

n

will force x

i

to

b e constan t, thereb y further reducing the c hain for g or h . Lo w er b ounds on g

and/or h therefore lead to a lo w er b ound on f . (See exercises 77{81.)

But where are the pro ofs of nonlinear lo w er b ounds? Almost ev ery problem

with a y es-no answ er can b e form ulated as a Bo olean function, so there's no

shortage of explicit functions that w e don't kno w ho w to ev aluate in linear

time, or ev en in p olynomial time. F or example, an y directed graph G with

v ertices f v

1

; : : : ; v

m

g can b e represen ted b y its adjacency matrix X , where x

ij

=

[ v

i

! v

j

]; then

f ( x

12

; : : : ; x

1 m

; : : : ; x

m 1

; : : : ; x

m ( m � 1)

) = [ G has a Hamiltonian path ] ( 61 )

is a Bo olean function of n = m ( m � 1) v ariables. W e w ould dearly lo v e to b e

able to ev aluate this function in, sa y , n

4

steps. W e do kno w ho w to compute the

truth table for f in O ( m ! 2

n

) = 2

n + O (

p

n log n )

steps, since only m ! Hamiltonian

paths exist; th us f is indeed \explicit." But nob o dy kno ws ho w to ev aluate f in

p olynomial time, or ho w to pro v e that there isn't a 4 n -step c hain.

F or all w e kno w, short Bo olean c hains for f migh t exist, for eac h n . After all,

Figs. 4 and 5 rev eal the existence of �endishly clev er c hains ev en in the cases of

4 and 5 v ariables. E�cien t c hains for all of the larger problems that w e ev er will

need to solv e migh t w ell b e \out there" | y et totally b ey ond our grasp, b ecause

w e don't ha v e time to �nd them. Ev en if an omniscien t b eing rev ealed the simple

c hains to us, w e migh t �nd them incomprehensible, b ecause the shortest pro of

of their correctness migh t b e longer than the n um b er of cells in our brains.

Theorem S rules out suc h a scenario for most Bo olean functions. But few er

than 2

100

Bo olean functions will ev er b e of practical imp ortance in the en tire

history of the w orld, and Theorem S tells us zilc h ab out them.

In 1974, Larry Sto c kmey er and Alb ert Mey er w ere, ho w ev er, able to con-

struct a Bo olean function f whose complexit y is pro v ably h uge. Their f isn't

\explicit," in the precise sense describ ed ab o v e, but it isn't arti�cial either; it

arises naturally in mathematical logic. Consider sym b olic statemen ts suc h as

048+10156 =1063 ; ( 62 )

8 m 9 n(m<n+1) ; ( 63 )

8 n 9 m(m+1<n) ; ( 64 )

8 a 8 b(b � a+2 )9 ab(a<ab ^ ab<c)) ; ( 65 )

8 A 8 B(A � B ,:9 n(n 2 A ^ n 62 B _ n 2 B ^ n 62 A)) ; ( 66 )

8 A( 9 n(n 2 A) )9 m(m 2 A ^8 n(n 2 A ) m � n))) ; ( 67 )

8 A( 9 n(n 2 A) )9 m(m 2 A ^8 n(n 2 A ) m � n))) ; ( 68 )

9 P 8 a((a 2 P , a+3 62 P) , a<1000) ; ( 69 )

8 A 8 B( 8 C 8 c(C � A ^ c � 1 _ C � B ^ c=0 ) ( 8 n(n 2 C , n+1 62 C) , c=1)) ): A � B) : ( 70 )
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Sto c kmey er and Mey er de�ned a language L b y using the 63-c haracter alphab et

89: () �262 + ^_), < � =6 = � >abcdefghijklmnopqABCDEFGHIJKLMNOPQ01234 56789

and giving con v en tional meanings to these sym b ols. Strings of lo w ercase letters

within the sen tences of L , lik e ` ab ' in ( 65 ) , represen t n umeric v ariables, restricted

to nonnegativ e in tegers; strings of upp ercase letters represen t set v ariables,

restricted to �nite sets of suc h n um b ers. F or example, ( 66 ) means, \F or all

�nite sets A and B , w e ha v e A = B if and only if there do esn't exist a n um b er n

that is in A but not in B , or in B but not in A ." Some of these statemen ts are

true; others are false. (See exercise 82.)

All of the strings ( 62 ){( 70 ) b elong to L , but the language is actually quite

restricted: The only arithmetic op eration allo w ed on a n um b er is to add a

constan t; w e can write ` a+13 ' but not ` a+b '. The only relation allo w ed b et w een

a n um b er and a set is elemen tho o d ( 2 or 62 ). The only relation allo w ed b et w een

sets is equalit y ( � ). F urthermore all v ariables m ust b e quan ti�ed b y 9 or 8 .*

Ev ery sen tence of L that has length k � n can b e represen ted b y a binary

v ector of length 6 n , with zeros in the last 6( n � k ) bits. Let f ( x ) b e a Bo olean

function of 6 n v ariables suc h that f ( x ) = 1 whenev er x represen ts a true sen tence

of L , and f ( x ) = 0 whenev er x represen ts a sen tence that is false; the v alue of f ( x )

is unsp eci�ed when x do esn't represen t a meaningful sen tence. The truth table

for suc h a function f can b e constructed in a �nite n um b er of steps, according

to theorems of B • uc hi and Elgot [ Zeitsc hrift f • ur math. Logik und Grundlagen der

Math. 6 (1960), 66{92; T ransactions of the Amer. Math. So c. 98 (1961), 21{51].

But \�nite" do es not mean \feasible": Sto c kmey er and Mey er pro v ed that

C ( f ) > 2

r � 5

whenev er n � 460 + : 302 r + 5 : 08 ln r and r > 36 : ( 71 )

In particular, w e ha v e C ( f ) > 2

416

> 10

125

when n = 618. A Bo olean c hain with

that man y gates could nev er b e built , since 10

125

is a generous upp er b ound on

the n um b er of protons in the univ erse. So this is a fairly small, �nite problem

that will nev er b e solv ed.

Details of Sto c kmey er and Mey er's pro of app ear in JA CM 49 (2002), 753{

784. The basic idea is that the language L , though limited, is ric h enough to

describ e truth tables and the complexit y of Bo olean c hains, using fairly short

sen tences; hence f has to deal with inputs that essen tially refer to themselv es.

*F or further reading. Thousands of signi�can t pap ers ha v e b een written ab out

net w orks of Bo olean gates, b ecause suc h net w orks underlie so man y asp ects of

theory and practice. W e ha v e fo cused in this section c hie
y on topics that are

relev an t to computer programming for sequen tial mac hines. But other topics

ha v e also b een extensiv ely in v estigated, of primary relev ance to parallel compu-

tation, suc h as the study of small-depth circuits in whic h gates can ha v e an y

n um b er of inputs (\unlimited fan-in"). Ingo W egener's b o ok The Complexit y of

* T ec hnically sp eaking, the sen tences of L b elong to \w eak second-order monadic logic with

one successor." W eak second-order logic allo ws quan ti�cation o v er �nite sets; monadic logic

with k successors is the theory of unlab eled k -ary trees.
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Bo olean F unctions (T eubner and Wiley , 1987) pro vides a go o d in tro duction to

the en tire sub ject.

W e ha v e mostly considered Bo olean c hains in whic h all binary op erators

ha v e equal imp ortance. F or our purp oses, gates suc h as � or � are neither more

nor less desirable than gates suc h as ^ or _ . But it's natural to w onder if w e

can get b y with only the monotone op erators ^ and _ when w e are computing a

monotone function. Alexander Razb oro v has dev elop ed striking pro of tec hniques

to sho w that, in fact, monotone op erators b y themselv es ha v e inheren tly limited

capabilities. He pro v ed, for example, that all AND - OR c hains to determine

whether the p ermanen t of an n � n matrix of 0 s and 1s is zero or nonzero

m ust ha v e cost n


(log n )

. [See Doklady Ak ademii Nauk SSSR 281 (1985), 798{

801; Matematic heskie Zametki 37 (1985), 887{900.] By con trast, w e will see in

Section 7.5.1 that this problem, equiv alen t to \bipartite matc hing," is solv able

in only O ( n

2 : 5

) steps. F urthermore, the e�cien t metho ds in that section can

b e implemen ted as Bo olean c hains of only sligh tly larger cost, when w e allo w

negation or other Bo olean op erations in addition to ^ and _ . (V aughan Pratt

has called this \the p o w er of negativ e thinking.") An in tro duction to Razb oro v's

metho ds app ears in exercises 85 and 86.

EXERCISES

1. [ 24 ] The \random" function in form ula ( 6 ) corresp onds to a Bo olean c hain of

cost 4 and depth 4. Find a form ula of depth 3 that has the same cost.

2. [ 21 ] Sho w ho w to compute (a) w � h xy z i and (b) w ^ h xy z i with form ulas that

ha v e depth 3 and cost 5.

3. [ M23 ] (B. I. Finik o v, 1957.) If the Bo olean function f ( x

1

; : : : ; x

n

) is true at

exactly k p oin ts, pro v e that L ( f ) < 2 n + ( k � 2)2

k � 1

. Hint: Think of k = 3 and n = 10

6

.

4. [ M26 ] (P . M. Spira, 1971.) Pro v e that the minim um depth and form ula length of

a Bo olean function satisfy lg L ( f ) < D ( f ) � � lg L ( f ) + 1, where � = 2 = lg (

3

2

) � 3 : 419.

Hint: Ev ery binary tree with r � 3 in ternal no des con tains a subtree with s in ternal

no des, where

1

3

r � s <

2

3

r .

x 5. [ 21 ] The Fib onacci threshold function F

n

( x

1

; : : : ; x

n

) = h x

F

1

1

x

F

2

2

: : : x

F

n � 1

n � 1

x

F

n � 2

n

i

w as analyzed in exercise 7.1.1{101, when n � 3. Is there an e�cien t w a y to ev aluate it?

6. [ 20 ] T rue or false: A Bo olean function f ( x

1

; : : : ; x

n

) is normal if and only if it

satis�es the general distributiv e la w f ( x

1

; : : : ; x

n

) ^ y = f ( x

1

^ y ; : : : ; x

n

^ y ).

7. [ 20 ] Con v ert the Bo olean c hain ` x

5

= x

1

_ x

4

, x

6

= �x

2

_ x

5

, x

7

= �x

1

^ �x

3

,

x

8

= x

6

�

x

7

' to an equiv alen t c hain ( ^ x

5

; ^x

6

; ^x

7

; ^x

8

) in whic h ev ery step is normal.

x 8. [ 20 ] Explain wh y ( 11 ) is the truth table of v ariable x

k

.

9. [ 20 ] Algorithm L determines the lengths of shortest form ulas for all functions f ,

but it giv es no further information. Extend the algorithm so that it also pro vides actual

minim um-length form ulas lik e ( 6 ).

x 10 . [ 20 ] Mo dify Algorithm L so that it computes D ( f ) instead of L ( f ).

x 11 . [ 22 ] Mo dify Algorithm L so that, instead of lengths L ( f ), it computes upp er

b ounds U ( f ) and fo otprin ts � ( f ) as describ ed in the text.

12. [ 15 ] What Bo olean c hain is equiv alen t to the minim um-memory sc heme ( 13 ) ?
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13. [ 16 ] What are the truth tables of f

1

, f

2

, f

3

, f

4

, and f

5

in example ( 13 ) ?

14. [ 22 ] What's a con v enien t w a y to compute the 5 n ( n � 1) truth tables of ( 17 ) , giv en

the truth table of g ? (Use bit wise op erations as in ( 15 ) and ( 16 ) .)

15. [ 28 ] Find short-as-p ossible w a ys to ev aluate the follo wing functions using mini-

m um memory: (a) S

2

( x

1

; x

2

; x

3

; x

4

); (b) S

1

( x

1

; x

2

; x

3

; x

4

); (c) the function in ( 18 ) .

16. [ H M33 ] Pro v e that few er than 2

118

of the 2

128

Bo olean functions f ( x

1

; : : : ; x

7

)

are computable in minim um memory .

x 17 . [ 25 ] (M. S. P aterson, 1977.) Although Bo olean functions f ( x

1

; : : : ; x

n

) cannot

alw a ys b e ev aluated in n registers, pro v e that n + 1 registers are alw a ys su�cien t. In

other w ords, sho w that there is alw a ys a sequence of op erations lik e ( 13 ) to compute

f ( x

1

; : : : ; x

n

) if w e allo w 0 � j ( i ) ; k ( i ) � n .

x 18 . [ 35 ] In v estigate optim um minim um-memory computations for f ( x

1

; x

2

; x

3

; x

4

; x

5

):

Ho w man y classes of �v e-v ariable functions ha v e C

m

( f ) = r , for r = 0, 1, 2, : : : ?

19. [ M22 ] If a Bo olean c hain uses n v ariables and has length r < n + 2, pro v e that it

m ust b e either a \top-do wn" or a \b ottom-up" construction.

x 20 . [ 40 ] (R. Sc hro epp el, 2004.) A Bo olean c hain is c analizing if it do es not use the

op erators � or

�

. Find the optim um cost, length, and depth of all 4-v ariable functions

under this constrain t. Do es the fo otprin t heuristic still giv e optim um results?

21. [ 46 ] F or ho w man y four-v ariable functions did the Harv ard researc hers disco v er

an optim um v acuum-tub e circuit in 1951?

22. [ 21 ] Explain the c hain for S

3

in Fig. 6, b y noting that it incorp orates the c hain

for S

23

in Fig. 5. Find a similar c hain for S

2

( x

1

; x

2

; x

3

; x

4

; x

5

).

x 23 . [ 23 ] Figure 6 illustrates only 16 of the 64 symmetric functions on �v e elemen ts.

Explain ho w to write do wn optim um c hains for the others.

24. [ 47 ] Do es ev ery symmetric function f ha v e C

m

( f ) = C ( f )?

x 25 . [ 17 ] Supp ose w e w an t a Bo olean c hain that includes al l functions of n v ariables:

Let f

k

( x

1

; : : : ; x

n

) b e the function whose truth table is the binary represen tation of k ,

for 0 � k < m = 2

2

n

. What is C ( f

0

f

1

: : : f

m � 1

)?

26. [ 25 ] T rue or false: If f ( x

0

; : : : ; x

n

) = ( x

0

^ g ( x

1

; : : : ; x

n

)) � h ( x

1

; : : : ; h

n

), where g

and h are non trivial Bo olean functions whose join t cost is C ( g h ), then C ( f ) = 2 + C ( g h ).

x 27 . [ 23 ] Can a full adder ( 22 ) b e implemen ted in �v e steps using only minim um

memory (that is, completely inside three one-bit registers)?

28. [ 26 ] Pro v e that C ( u

0

v

0

) = C ( u

00

v

00

) = 5 for the t w o-output functions de�ned b y

( u

0

v

0

)

2

= ( x + y � ( uv )

2

) mo d 4 ; ( u

00

v

00

)

2

= ( � x � y � ( uv )

2

) mo d 4 :

Use these functions to ev aluate [ ( x

1

+ � � � + x

n

) mo d 4 = 0 ] in few er than 2 : 5 n steps.

29. [ M28 ] Pro v e that the text's circuit for sidew a ys addition ( 27 ) has depth O (log n ).

30. [ M25 ] Solv e the binary recurrence ( 28 ) for the cost s ( n ) of sidew a ys addition.

31. [ 21 ] If f ( x

1

; : : : ; x

n

) is symmetric, pro v e that C ( f ) � 5 n + O ( n= log n ).

32. [ H M16 ] Wh y do es the solution to ( 30 ) satisfy t ( n ) = 2

n

+ O (2

n= 2

)?

33. [ H M22 ] T rue or false: If 1 � N � 2

n

, the �rst N min terms of f x

1

; : : : ; x

n

g can

all b e ev aluated in N + O (

p

N ) steps, as n ! 1 and N ! 1 .
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x 34 . [ 22 ] A priority enc o der has n = 2

m

� 1 inputs x

1

: : : x

n

and m outputs y

1

: : : y

m

,

where ( y

1

: : : y

m

)

2

= k if and only if k = max f j j j = 0 or x

j

= 1 g . Design a priorit y

enco der that has cost O ( n ) and depth O ( m ).

35. [ 23 ] If n > 1, sho w that the conjunctions x

1

^ � � � ^ x

k � 1

^ x

k +1

^ � � � ^ x

n

for

1 � k � n can all b e computed from ( x

1

; : : : ; x

n

) with total cost � 3 n � 6.

x 36 . [ M28 ] (R. W. Ladner and M. J. Fisc her, 1980.) Let y

k

b e the \pre�x" x

1

^ � � � ^ x

k

for 1 � k � n . Clearly C ( y

1

: : : y

n

) = n � 1 and D ( y

1

: : : y

n

) = d lg n e ; but w e can't

sim ultaneously minimize b oth cost and depth. Find a c hain of optim um depth d lg n e

that has cost < 4 n .

37. [ M28 ] (Marc Snir, 1986.) Giv en n � m � 1, consider the follo wing algorithm:

S1. [Up w ard lo op.] F or t  1, 2, : : : , d lg m e , set x

min ( m; 2

t

k )

 x

2

t

( k � 1 = 2)

^

x

min ( m; 2

t

k )

for k � 1 and 2

t

( k � 1 = 2) < m .

S2. [Do wn w ard lo op.] F or t  d lg m e � 1, d lg m e � 2, : : : , 1, set x

2

t

( k +1 = 2)

 

x

2

t

k

^ x

2

t

( k +1 = 2)

for k � 1 and 2

t

( k + 1 = 2) < m .

S3. [Extension.] F or k  m + 1, m + 2, : : : , n , set x

k

 x

k � 1

^ x

k

.

a) Pro v e that this algorithm solv es the pre�x problem of exercise 36: It transforms

( x

1

; x

2

; : : : ; x

n

) in to ( x

1

; x

1

^ x

2

; : : : ; x

1

^ x

2

^ � � � ^ x

n

).

b) Let c ( m; n ) and d ( m; n ) b e the cost and depth of the corresp onding Bo olean c hain.

Pro v e that, if n is su�cien tly large, c ( m; n ) + d ( m; n ) = 2 n � 2.

c) Giv en n , what is d ( n ) = min

1 � m � n

d ( m; n )? Sho w that d ( n ) < 2 lg n .

d) Pro v e that there's a Bo olean c hain of cost 2 n � 2 � d and depth d for the pre�x

problem whenev er d ( n ) � d < n . (This cost is optim um, b y exercise 81.)

38. [ 25 ] In Section 5.3.4 w e studied sorting networks , b y whic h

^

S ( n ) comparator

mo dules are able to sort n n um b ers ( x

1

; x

2

; : : : ; x

n

) in to ascending order. If the inputs

x

j

are 0 s and 1s, eac h comparator mo dule is equiv alen t to t w o gates ( x ^ y ; x _ y );

so a sorting net w ork corresp onds to a certain kind of Bo olean c hain, whic h ev aluates

n particular functions of ( x

1

; x

2

; : : : ; x

n

).

a) What are the n functions f

1

f

2

: : : f

n

that a sorting net w ork computes?

b) Sho w that those functions f f

1

; f

2

; : : : ; f

n

g can b e computed in O ( n ) steps with a

c hain of depth O (log n ). (Hence sorting net w orks aren't asymptotically optimal,

Bo olean wise.)

x 39 . [ M21 ] (M. S. P aterson and P . Klein, 1980.) Implemen t the 2

m

-w a y m ultiplexer

M

m

( x

1

; : : : ; x

m

; y

0

; y

1

; : : : ; y

2

m

� 1

) of ( 31 ) with an e�cien t c hain that sim ultaneously

establishes the upp er b ounds C ( M

m

) � 2 n + O (

p

n ) and D ( M

m

) � m + O (log m ).

40. [ 25 ] If n � k � 1, let f

nk

( x

1

; : : : ; x

n

) b e the \ k in a ro w" function,

( x

1

^ � � � ^ x

k

) _ ( x

2

^ � � � ^ x

k +1

) _ � � � _ ( x

n +1 � k

^ � � � ^ x

n

) :

Sho w that the cost C ( f

nk

) of this function is less than 4 n � 3 k .

41. [ M23 ] ( Conditional-sum adders. ) One w a y to accomplish binary addition ( 25 )

with depth O (log n ) is based on the m ultiplexer tric k of exercise 4: If ( xx

0

)

2

+ ( y y

0

)

2

=

( z z

0

)

2

, where j x

0

j = j y

0

j = j z

0

j , w e ha v e either ( x )

2

+ ( y )

2

= ( z )

2

and ( x

0

)

2

+ ( y

0

)

2

= ( z

0

)

2

,

or ( x )

2

+ ( y )

2

+ 1 = ( z )

2

and ( x

0

)

2

+ ( y

0

)

2

= (1 z

0

)

2

. T o sa v e time, w e can compute b oth

( x )

2

+ ( y )

2

and ( x )

2

+ ( y )

2

+ 1 sim ultaneously as w e compute ( x

0

)

2

+ ( y

0

)

2

. Afterw ards,

when w e kno w whether or not the less signi�can t part ( x

0

)

2

+ ( y

0

)

2

pro duces a carry ,

w e can use m ultiplexers to select the correct bits for the most signi�can t part.
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If this metho d is used recursiv ely to build 2 n -bit adders from n -bit adders, ho w

man y gates are needed when n = 2

m

? What is the corresp onding depth?

42. [ 25 ] In the binary addition ( 25 ) , let u

k

= x

k

^ y

k

and v

k

= x

k

� y

k

for 0 � k < n .

a) Sho w that z

k

= v

k

� c

k

, where the carry bits c

k

satisfy

c

k

= u

k � 1

_ ( v

k � 1

^ ( u

k � 2

_ ( v

k � 2

^ ( � � � ( u

1

^ v

0

) � � � )))) :

b) Let U

k

k

= 0, V

k

k

= 1, and U

k +1

j

= u

k

_ ( v

k

^ U

k

j

), V

k +1

j

= v

k

^ V

k

j

, for k � j .

Pro v e that c

k

= U

k

0

, and that U

k

i

= U

k

j

_ ( V

k

j

^ U

j

i

), V

k

i

= V

k

j

^ V

j

i

for i � j � k .

c) Let h ( m ) = 2

m ( m � 1) = 2

. Sho w that when n = h ( m ), the carries c

1

, : : : , c

n

can all

b e ev aluated with depth ( m + 1) m= 2 � lg n +

p

2 lg n and with total cost O (2

m

n ).

x 43 . [ 28 ] A �nite state tr ansduc er is an abstract mac hine with a �nite input alpha-

b et A , a �nite output alphab et B , and a �nite set of in ternal states Q . One of those

states, q

0

, is called the \initial state." Giv en a string � = a

1

: : : a

n

, where eac h a

j

2 A ,

the mac hine computes a string � = b

1

: : : b

n

, where eac h b

j

2 B , as follo ws:

T1. [Initialize.] Set j  1 and q  q

0

.

T2. [Done?] T erminate the algorithm if j > n .

T3. [Output b

j

.] Set b

j

 c ( q ; a

j

).

T4. [Adv ance j .] Set q  d ( q ; a

j

), j  j + 1, and return to step T2.

The mac hine has built-in instructions that sp ecify c ( q ; a ) 2 B and d ( q ; a ) 2 Q for ev ery

state q 2 Q and ev ery c haracter a 2 A . The purp ose of this exercise is to sho w that, if

the alphab ets A and B of an y �nite state transducer are enco ded in binary , the string

� can b e computed from � b y a Bo olean c hain of size O ( n ) and depth O (log n ).

a) Consider the problem of c hanging a binary v ector a

1

: : : a

n

to b

1

: : : b

n

b y setting

b

j

 a

j

� [ a

j

= a

j � 1

= � � � = a

j � k

= 1 and a

j � k � 1

= 0, where k is o dd ] ;

assuming that a

0

= 0. F or example, � = 1100100100011111101101010 7! � =

1000100100010101001001010. Pro v e that this transformation can b e carried out

b y a �nite state transducer with j A j = j B j = j Q j = 2.

b) Supp ose a �nite state transducer is in state q

j

after reading a

1

: : : a

j � 1

. Explain

ho w to compute the sequence q

1

: : : q

n

with a Bo olean c hain of cost O ( n ) and depth

O (log n ), using the construction of Ladner and Fisc her in exercise 36. (F rom this

sequence q

1

: : : q

n

it is easy to compute b

1

: : : b

n

, since b

j

= c ( q

j

; a

j

).)

c) Apply the metho d of (b) to the problem in (a).

x 44 . [ 26 ] (R. W. Ladner and M. J. Fisc her, 1980.) Sho w that the problem of binary

addition ( 25 ) can b e view ed as a �nite state transduction. Describ e the Bo olean c hain

that results from the construction of exercise 43 when n = 2

m

, and compare it to the

conditional-sum adder of exercise 41.

45. [ H M20 ] Wh y do esn't the pro of of Theorem S simply argue that the n um b er of

w a ys to c ho ose j ( i ) and k ( i ) so that 1 � j ( i ) ; k ( i ) < i is n

2

( n + 1)

2

: : : ( n + r � 1)

2

?

x 46 . [ H M21 ] Let � ( n ) = c ( n; b 2

n

=n c ) = 2

2

n

b e the fraction of n -v ariable Bo olean func-

tions f ( x

1

; : : : ; x

n

) for whic h C ( f ) � 2

n

=n . Pro v e that � ( n ) ! 0 rapidly as n ! 1 .

47. [ M23 ] Extend Theorem S to functions with n inputs and m outputs.

48. [ H M23 ] Find the smallest in teger r = r ( n ) suc h that ( r � 1)! 2

2

n

� 2

2 r +1

( n + r � 1)

2 r

,

(a) exactly when 1 � n � 16; (b) asymptotically when n ! 1 .
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49. [ H M25 ] Pro v e that, as n ! 1 , almost all Bo olean functions f ( x

1

; : : : ; x

n

) ha v e

minim um form ula length L ( f ) > 2

n

= lg n � 2

n +2

= (lg n )

2

.

50. [ 24 ] What are the prime implican ts and prime clauses of the prime-n um b er func-

tion ( 35 ) ? Express that function in (a) DNF (b) CNF of minim um length.

51. [ 20 ] What represen tation of the prime-n um b er detector replaces ( 37 ) , if ro ws of

the truth table are based on x

5

x

6

instead of x

1

x

2

?

52. [ 23 ] What c hoices of k and l minimize the upp er b ound ( 38 ) when 5 � n � 16?

53. [ H M22 ] Estimate ( 38 ) when k = b 2 lg n c and l = d 2

k

= ( n � 3 lg n ) e and n ! 1 .

54. [ 29 ] Find a short Bo olean c hain to ev aluate all six of the functions f

j

( x ) =

[ x

1

x

2

x

3

x

4

2 A

j

], where A

1

= f 0010 ; 0101 ; 1011 g , A

2

= f 0001 ; 1111 g , A

3

= f 0011 ; 0111 ;

1101 g , A

4

= f 1001 ; 1111 g , A

5

= f 1101 g , A

6

= f 0101 ; 1011 g . (These six functions

app ear in the prime-n um b er detector ( 37 ) .) Compare y our c hain to the min term-�rst

ev aluation sc heme of Lupano v's general metho d.

55. [ 34 ] Sho w that the cost of the 6-bit prime-detecting function is at most 14.

x 56 . [ 16 ] Explain wh y all functions with 14 or more don't-cares in T able 3 ha v e cost 0.

57. [ 19 ] What sev en-segmen t \digits" are displa y ed when ( x

1

x

2

x

3

x

4

)

2

> 9 in ( 45 )?

x 58 . [ 30 ] A 4 � 4-bit S-b ox is a p erm utation of the 4-bit v ectors f 0000 ; 0001 ; : : : ; 1111 g ;

suc h p erm utations are used as comp onen ts of w ell-kno wn cryptographic systems suc h

as the Russian standard GOST 28147 (1989). Ev ery 4 � 4-bit S-b o x corresp onds to

a sequence of four functions f

1

( x

1

; x

2

; x

3

; x

4

), : : : , f

4

( x

1

; x

2

; x

3

; x

4

), whic h transform

x

1

x

2

x

3

x

4

7! f

1

f

2

f

3

f

4

.

Find all 4 � 4-bit S-b o xes for whic h C ( f

1

) = C ( f

2

) = C ( f

3

) = C ( f

4

) = 7.

59. [ 29 ] One of the S-b o xes satisfying the conditions of exercise 58 tak es ( 0 ; : : : ; f ) 7!

( 0 ; 6 ; 5 ; b ; 3 ; 9 ; f ; e ; c ; 4 ; 7 ; 8 ; d ; 2 ; a ; 1 ); in other w ords, the truth tables of ( f

1

; f

2

; f

3

; f

4

)

are resp ectiv ely ( 179a ; 63e8 ; 5b26 ; 3e29 ). Find a Bo olean c hain that ev aluates these

four \maximally di�cult" functions in few er than 20 steps.

60. [ 23 ] (F rank Rusk ey .) Supp ose z = ( x + y ) mo d 3, where x = ( x

1

x

2

)

2

, y = ( y

1

y

2

)

2

,

z = ( z

1

z

2

)

2

, and eac h t w o-bit v alue is required to b e either 00, 01, or 10. Compute z

1

and z

2

from x

1

, x

2

, y

1

, and y

2

in six Bo olean steps.

61. [ 34 ] Con tin uing exercise 60, �nd a go o d w a y to compute z = ( x + y ) mo d 5, using

the three-bit v alues 000, 001, 010, 011, 100.

62. [ H M23 ] Consider a random Bo olean partial function of n v ariables that has 2

n

c

\cares" and 2

n

d \don't-cares," where c + d = 1. Pro v e that the cost of almost all suc h

partial functions exceeds 2

n

c=n .

63. [ H M35 ] (L. A. Sholomo v, 1969.) Con tin uing exercise 62, pro v e that all suc h

functions ha v e cost � 2

n

c=n (1 + O ( n

� 1

log n )). Hint: There is a set of 2

m

(1 + k )

v ectors x

1

: : : x

k

that in tersects ev ery ( k � m )-dimensional sub cub e of the k -cub e.

64. [ 25 ] ( Magic Fifte en .) Tw o pla y ers alternately select digits from 1 to 9, using no

digit t wice; the winner, if an y , is the �rst to get three digits that sum to 15. What's a

go o d strategy for pla ying this game?

x 65 . [ 35 ] Mo dify the tic-tac-to e strategy of ( 47 ) {( 56 ) so that it alw a ys pla ys correctly .

66. [ 20 ] Criticize the mo v es c hosen in exercise 65. Are they alw a ys optim um?
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x 67 . [ 40 ] Instead of simply �nding one correct mo v e for eac h p osition in tic-tac-to e, w e

migh t prefer to �nd them all. In other w ords, giv en x

1

: : : x

9

o

1

: : : o

9

, w e could try to

compute nine outputs g

1

: : : g

9

, where g

j

= 1 if and only if a mo v e in to cell j is among

X 's b est. F or example, exclamation marks indicate all of the righ t mo v es for X in the

follo wing t ypical p ositions:

! ! !

! ! !

! ! !

;

O

!

;

! O !

!

!

;

! !

O

! !

;

X O

! !

!

;

X O

!

! !

;

X ! !

! O !

! ! !

;

X !

! O

!

;

X !

! O

;

O ! !

! X !

! ! !

;

! O !

! X !

! !

;

O X

! !

! !

;

! X

O !

;

! X !

! O !

! !

;

! X

O

;

! X !

! ! !

! O !

:

A mac hine that c ho oses randomly among these p ossibilities is more fun to pla y against

than a mac hine that has only one �xed strategy .

One attractiv e w a y to solv e the all-go o d-mo v es problem is to use the fact that

tic-tac-to e has eigh t symmetries. Imagine a c hip that has 18 inputs x

1

: : : x

9

o

1

: : : x

9

and three outputs ( c; s; m ), for \cen ter," \side," and \middle," with the prop ert y

that the desired functions g

j

can b e computed b y ho oking together eigh t of the c hips

appropriately:

g

1

= c ( x

1

x

2

x

3

x

4

x

5

x

6

x

7

x

8

x

9

o

1

o

2

o

3

o

4

o

5

o

6

o

7

o

8

o

9

)

_ c ( x

1

x

4

x

7

x

2

x

5

x

8

x

3

x

6

x

9

o

1

o

4

o

7

o

2

o

5

o

8

o

3

o

6

o

9

) ;

g

2

= s ( x

1

x

2

x

3

x

4

x

5

x

6

x

7

x

8

x

9

o

1

o

2

o

3

o

4

o

5

o

6

o

7

o

8

o

9

)

_ s ( x

3

x

2

x

1

x

6

x

5

x

4

x

9

x

8

x

7

o

3

o

2

o

1

o

6

o

5

o

4

o

9

o

8

o

7

) ;

g

3

= c ( x

3

x

2

x

1

x

6

x

5

x

4

x

9

x

8

x

7

o

3

o

2

o

1

o

6

o

5

o

4

o

9

o

8

o

7

)

_ c ( x

3

x

6

x

9

x

2

x

5

x

8

x

1

x

4

x

7

o

3

o

6

o

9

o

2

o

5

o

8

o

1

o

4

o

7

) ;

g

4

= s ( x

1

x

4

x

7

x

2

x

5

x

8

x

3

x

6

x

9

o

1

o

4

o

7

o

2

o

5

o

8

o

3

o

6

o

9

)

_ s ( x

7

x

4

x

1

x

8

x

5

x

2

x

9

x

6

x

3

o

7

o

4

o

1

o

8

o

5

o

2

o

9

o

6

o

3

) ; : : :

g

9

= c ( x

9

x

8

x

7

x

6

x

5

x

4

x

3

x

2

x

1

o

9

o

8

o

7

o

6

o

5

o

4

o

3

o

2

o

1

)

_ c ( x

9

x

6

x

3

x

8

x

5

x

2

x

7

x

4

x

1

o

9

o

6

o

3

o

8

o

5

o

2

o

7

o

4

o

1

) ;

and g

5

is the OR of the m outputs from all eigh t c hips.

Design suc h a c hip, using few er than 2000 gates.

68. [ M25 ] Consider the n -bit � function �

n

( x

1

: : : x

n

), whose v alue is the ( x

1

: : : x

n

)

2

th

bit to the righ t of the most signi�can t bit in the binary represen tation of � . Do es the

metho d of exercise 4.3.1{39, whic h describ es an e�cien t w a y to compute arbitrary bits

of � , pro v e that C ( �

n

) < 2

n

=n for su�cien tly large n ?

69. [ M24 ] Let the m ultilinear represen tation of f b e

�

000

� �

001

x

m

� �

010

x

j

� �

011

x

j

x

m

� �

100

x

i

� �

101

x

i

x

m

� �

110

x

i

x

j

� �

111

x

i

x

j

x

m

;

where eac h co e�cien t �

l

is a function of the v ariables f x

1

; : : : ; x

n

g n f x

i

; x

j

; x

m

g .

a) Pro v e that the pairs ( 58 ) are \go o d" if and only if the co e�cien ts satisfy

�

010

�

101

= �

011

�

100

; �

101

�

110

= �

100

�

111

; and �

110

�

011

= �

111

�

010

:

b) F or whic h v alues ( i; j; m ) are the pairs bad, when f = (det X ) mo d 2? (See ( 60 ) .)

x 70 . [ M27 ] Let X b e the 3 � 3 Bo olean matrix ( 60 ) . Find e�cien t c hains for the

Bo olean functions (a) (det X ) mo d 2; (b) [ p er X > 0 ]; (c) [ det X > 0 ].

x 71 . [ M26 ] Supp ose f ( x ) is equal to 0 with probabilit y p at eac h p oin t x = x

1

: : : x

n

,

indep enden t of its v alue at other p oin ts.

a) What is the probabilit y that the pairs ( 58 ) are go o d?

b) What is the probabilit y that bad pairs ( 58 ) exist?

c) What is the probabilit y that bad pairs ( 58 ) are found in at most t random trials?

d) What is the exp ected time to test case ( i; j; m ), as a function of p , t , and n ?
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72. [ M24 ] Extend the previous exercise to the case of partial functions, where f ( x ) =

0 with probabilit y p , f ( x ) = 1 with probabilit y q , and f ( x ) = � with probabilit y r .

x 73 . [ 20 ] If bad pairs ( 58 ) exist for all ( i; j; m ) with m 6= i 6= j 6= m , sho w that the

indecomp osabilit y of f can b e deduced after testing only

�

n

2

�

w ell-c hosen triples ( i; j; m ).

74. [ 25 ] Extend the idea in the previous exercise, suggesting a strategy for c ho osing

successiv e triples ( i; j; m ) when using the metho d of Shen, McKellar, and W einer.

75. [ 20 ] What happ ens when the text's decomp osition pro cedure is applied to the

\all-equal" function S

0 n

( x

1

; : : : ; x

n

)?

x 76 . [ M25 ] (D. Uhlig, 1974.) The purp ose of this exercise is to pro v e the amazing fact

that, for certain functions f , the b est c hain to ev aluate the Bo olean function

F ( u

1

; : : : ; u

n

; v

1

; : : : ; v

n

) = f ( u

1

; : : : ; u

n

) _ f ( v

1

; : : : ; v

n

)

costs less than 2 C ( f ); hence functional decomp osition is not alw a ys a go o d idea.

W e let n = m + 2

m

and write f ( i

1

; : : : ; i

m

; x

0

; : : : ; x

2

m

� 1

) = f

i

( x ), where i is

regarded as the n um b er ( i

1

: : : i

m

)

2

. Then ( u

1

; : : : ; u

n

) = ( i

1

; : : : ; i

m

; x

0

; : : : ; x

2

m

� 1

),

( v

1

; : : : ; v

n

) = ( j

1

; : : : ; j

m

; y

0

; : : : ; y

2

m

� 1

), and F ( u; v ) = f

i

( x ) _ f

j

( y ).

a) Pro v e that a c hain of cost O ( n= log n )

2

su�ces to ev aluate the 2

m

+ 1 functions

z

l

= x � ( ([ l � i ] � [ i � j ]) ^ ( x � y ) ) ; 0 � l � 2

m

;

from giv en v ectors i , j , x , and y ; eac h z

l

is a v ector of length 2

m

.

b) Let g

i

( x ) = f

i

( x ) � f

i � 1

( x ) for 0 � i � 2

m

, where f

� 1

( x ) = f

2

m

( x ) = 0. Estimate

the cost of computing the 2

m

+ 1 v alues c

l

= g

l

( z

l

), giv en the v ectors z

l

, for

0 � l � 2

m

.

c) Let c

0

l

= c

l

^ ([ i � j ]

�

[ l � i ]) and c

00

l

= c

l

^ ([ i � j ]

�

[ j > l ]). Pro v e that

f

i

( x ) = c

0

0

� c

0

1

� � � � � c

0

2

m

; f

j

( y ) = c

00

0

� c

00

1

� � � � � c

00

2

m

:

d) Conclude that C ( F ) � 2

n

=n + O (2

n

(log n ) =n

2

). (When n is su�cien tly large, this

cost is de�nitely less than 2

n +1

=n , but functions f exist with C ( f ) > 2

n

=n .)

e) F or clarit y , write out the c hain for F when m = 1 and f ( i; x

0

; x

1

) = ( i ^ x

0

) _ x

1

.

x 77 . [ 35 ] (N. P . Red'kin, 1970.) Supp ose a Bo olean c hain uses only the op erations

AND , OR , or NOT ; th us, ev ery step is either x

i

= x

j ( i )

^ x

k ( i )

or x

i

= x

j ( i )

_ x

k ( i )

or x

i

= �x

j ( i )

. Pro v e that if suc h a c hain computes either the \o dd parit y" function

f

n

( x

1

; : : : ; x

n

) = x

1

� � � � � x

n

or the \ev en parit y" function

�

f

n

( x

1

; : : : ; x

n

) = 1 � x

1

�

� � � � x

n

, where n � 2, the length of the c hain is at least 4( n � 1).

78. [ 26 ] (W. J. P aul, 1977.) Let f ( x

1

; : : : ; x

m

; y

0

; : : : ; y

2

m

� 1

) b e an y Bo olean function

that equals y

k

whenev er ( x

1

: : : x

m

)

2

= k 2 S , for some giv en set S � f 0 ; 1 ; : : : ; 2

m

� 1 g ;

w e don't care ab out the v alue of f at other p oin ts. Sho w that C ( f ) � 2 k S k � 2 whenev er

S is nonempt y . (In particular, when S = f 0 ; 1 ; : : : ; 2

m

� 1 g , the m ultiplexer c hain of

exercise 39 is asymptotically optim um.)

79. [ 32 ] (C. P . Sc hnorr, 1976.) Sa y that v ariables u and v are \mates" in a Bo olean

c hain if there is exactly one simple path b et w een them in the corresp onding binary tree

diagram. Tw o v ariables can b e mates only if they are eac h used only once in the c hain;

but this necessary condition is not su�cien t. F or example, v ariables 2 and 4 are mates

in the c hain for S

123

in Fig. 5, but they are not mates in the c hain for S

2

.

a) Pro v e that a Bo olean c hain on n v ariables with no mates has cost � 2 n � 2.

b) Pro v e that C ( f ) = 2 n � 3 when f is the all-equal function S

0 n

( x

1

; : : : ; x

n

).
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x 80 . [ M27 ] (L. J. Sto c kmey er, 1977.) Another notation for symmetric functions is

sometimes con v enien t: If � = a

0

a

1

: : : a

n

is an y binary string, let S

�

( x ) = a

� x

. F or

example, h x

1

x

2

x

3

i = S

0011

and x

1

� x

2

� x

3

= S

0101

in this notation. Notice that

S

�

(0 ; x

2

; : : : ; x

n

) = S

�

0

( x

2

; : : : ; x

n

) and S

�

(1 ; x

2

; : : : ; x

n

) = S

0

�

( x

2

; : : : ; x

n

), where �

0

and

0

� stand resp ectiv ely for � with its last or �rst elemen t deleted. Also,

S

�

( f ( x

3

; : : : ; x

n

) ;

�

f ( x

3

; : : : ; x

n

) ; x

3

; : : : ; x

n

) = S

0

�

0

( x

3

; : : : ; x

n

)

when f is an y Bo olean function of n � 2 v ariables.

a) A parit y function has a

0

6= a

1

6= a

2

6= � � � 6= a

n

. Assume that n � 2. Pro v e that if

S

�

is not a parit y function and S

0

�

0

isn't constan t, then

C ( S

�

) � max ( C ( S

�

0

) + 2 ; C ( S

0

�

) + 2 ; min ( C ( S

�

0

) + 3 ; C ( S

0

�

) + 3 ; C ( S

0

�

0

) + 5 ) ) :

b) What lo w er b ounds on C ( S

k

) and C ( S

� k

) follo w from this result, when 0 � k � n ?

81. [ 23 ] (M. Snir, 1986.) Sho w that an y c hain of cost c and depth d for the pre�x

problem of exercise 36 has c + d � 2 n � 2.

x 82 . [ M23 ] Explain the logical sen tences ( 62 ) {( 70 ) . Whic h of them are true?

83. [ 21 ] If there's a Bo olean c hain for f ( x

1

; : : : ; x

n

) that con tains p canalizing op er-

ations, sho w that C ( f ) < ( p + 1)( n + p= 2).

84. [ M20 ] A monotone Bo ole an chain is a Bo olean c hain in whic h ev ery op erator �

i

is monotone. The length of a shortest monotone c hain for f is denoted b y C

+

( f ). If

there's a monotone Bo olean c hain for f ( x

1

; : : : ; x

n

) that con tains p o ccurrences of ^

and q o ccurrences of _ , sho w that C

+

( f ) < min ( ( p + 1)( n + p= 2) ; ( q + 1)( n + q = 2) ) .

x 85 . [ M22 ] Let M

n

b e the set of all monotone functions of n v ariables. If L is a family

of functions con tained in M

n

, let

x t y =

^

f z 2 L j z � x _ y g and x u y =

^

f z 2 L j z � x ^ y g :

W e call L \legitimate" if it includes the constan t functions 0 and 1 as w ell as the

pro jection functions x

j

for 1 � j � n , and if x t y 2 L , x u y 2 L whenev er x; y 2 L .

a) When n = 3 w e can write M

3

= f 00 , 01 , 03 , 05 , 11 , 07 , 13 , 15 , 0f , 33 , 55 , 17 , 1f ,

37 , 57 , 3f , 5f , 77 , ff g , represen ting eac h function b y its hexadecimal truth table.

There are 2

15

families L suc h that f 00 ; 0f ; 33 ; 55 ; ff g � L � M

3

; ho w man y of

them are legitimate?

b) If A is a subset of f 1 ; : : : ; n g , let d A e =

W

a 2 A

x

a

; also let d1e = 1. Supp ose A

is a family of subsets of f 1 ; : : : ; n g that con tains all sets of size � 1 and is closed

under in tersection; in other w ords, A \ B 2 A whenev er A 2 A and B 2 A . Pro v e

that the family L = f d A e j A 2 A [ f1gg is legitimate.

c) Let ( x

n +1

; : : : ; x

n + r

) b e a monotone Bo olean c hain ( 1 ) . Supp ose ( ^ x

n +1

; : : : ; ^x

n + r

)

is obtained from the same Bo olean c hain, but with ev ery op erator ^ c hanged to u

and with ev ery op erator _ c hanged to t , with resp ect to some legitimate family L .

Pro v e that, for n + 1 � l � n + r , w e m ust ha v e

^x

l

� x

l

_

l

_

i = n +1

f ^x

i

� ( ^ x

j ( i )

_ ^x

k ( i )

) j �

i

= _ g ;

x

l

� ^x

l

_

l

_

i = n +1

f ^x

i

� ( ^ x

j ( i )

^ ^x

k ( i )

) j �

i

= ^ g :
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86. [ H M37 ] A graph G on v ertices f 1 ; : : : ; n g can b e de�ned b y N =

�

n

2

�

Bo olean

v ariables x

uv

for 1 � u < v � n , where x

uv

= [ u � � � v in G ]. Let f b e the function

f ( x ) = [ G con tains a triangle]; for example, when n = 4, f ( x

12

; x

13

; x

14

; x

23

; x

24

; x

34

) =

( x

12

^ x

13

^ x

23

) _ ( x

12

^ x

14

^ x

24

) _ ( x

13

^ x

14

^ x

34

) _ ( x

23

^ x

24

^ x

34

). The purp ose

of this exercise is to pro v e that the monotone complexit y C

+

( f ) is 
( n= log n )

3

.

a) If u

j

� � � v

j

for 1 � j � r in a graph G , call S = f f u

1

; v

1

g ; : : : ; f u

r

; v

r

g g an r -

family , and let �( S ) =

S

1 � i<j � r

( f u

i

; v

i

g \ f u

j

; v

j

g ) b e the elemen ts of its pairwise

in tersections. Sa y that G is r -close d if w e ha v e u � � � v whenev er �( S ) � f u; v g for

some r -family S . It is str ongly r -closed if, in addition, w e ha v e j �( S ) j � 2 for all

r -families S . Pro v e that a strongly r -closed graph is also strongly ( r + 1)-closed.

b) Pro v e that the complete bigraph K

m;n

is strongly r -closed when r > max ( m; n ).

c) Pro v e that a strongly r -closed graph has at most ( r � 1)

2

edges.

d) Let L b e the family of functions f 1 g [ f d G e j G is a strongly r -closed graph on

f 1 ; : : : ; n g g . (See exercise 85(b); w e regard G as a set of edges. F or example, when

the edges are 1 � � � 3, 1 � � � 4, 2 � � � 3, 2 � � � 4, w e ha v e d G e = x

13

_ x

14

_ x

23

_ x

24

.)

Is L legitimate?

e) Let x

N +1

, : : : , x

N + p + q

= f b e a monotone Bo olean c hain with p ^ -steps and q

_ -steps, and consider the mo di�ed c hain ^x

N +1

, : : : , ^x

N + p + q

=

^

f based on the

family L in (d). If

^

f 6= 1, sho w that 2( r � 1)

3

p + ( r � 1)

2

( n � 2) �

�

n

3

�

. Hint: Use

the second form ula in exercise 85(c).

f ) F urthermore, if

^

f = 1 w e m ust ha v e r

2

q � 2

r � 1

.

g) Therefore p = 
( n= log n )

3

. Hint: Let r � 6 lg n and apply exercise 84.

87. [ M20 ] Sho w that when nonmonotonic op erations are p ermitted, the triangle func-

tion of exercise 86 has cost C ( f ) = O ( n

lg 7

(log n )

2

) = O ( n

2 : 81

). Hint: A graph has a

triangle if and only if the cub e of its adjacency matrix has a nonzero diagonal.

37



38 ANSWERS TO EXER CISES 7.1.2

SECTION 7.1.2

1. (( x

1

_ x

4

) ^ x

2

) � ( x

1

_ x

3

).

2. (a) ( w � ( x ^ y )) � (( x � y ) ^ z ); (b) ( w ^ ( x _ y )) ^ (( x ^ y ) _ z ).

3. [ Doklady Ak ademii Nauk SSSR 115 (1957), 247{248.] Construct a k � n matrix

whose ro ws are the v ectors x where f ( x ) = 1. By p erm uting and/or complemen ting

v ariables, w e ma y assume that the top ro w is 1 : : : 1 and that the columns are sorted.

Supp ose there are l distinct columns. Then f = g ^ h , where g is the AND of the

expressions ( x

j � 1

�

x

j

) o v er all 1 < j � n suc h that column j � 1 equals column j ,

and h is the OR of k min terms of length l , using one v ariable from eac h group of equal

columns. F or example, if n = 8 and if f is 1 at the k = 3 p oin ts 11111111, 00001111,

00110111, then l = 4 and f ( x ) equals ( x

1

�

x

2

) ^ ( x

3

�

x

4

) ^ ( x

6

�

x

7

) ^ ( x

7

�

x

8

) ^

( ( x

1

^ x

3

^ x

5

^ x

6

) _ ( � x

1

^ �x

3

^ x

5

^ x

6

) _ ( � x

1

^ x

3

^ �x

5

^ x

6

) ) . The length of this form ula

in general is 2 n + ( k � 2) l � 1, and w e ha v e l � 2

k � 1

.

Notice that, if k is large, w e get shorter form ulas b y writing f ( x ) as a disjunction

f

1

( x ) _ � � � _ f

r

( x ), where eac h f

j

has most d k =r e 1s. Th us

L ( f ) � min

r � 1

( r � 1 + (2 n + d k =r � 2 e 2

d k =r � 1 e

) r ) :

4. The �rst inequalit y is ob vious, b ecause a binary tree of depth d has at most

1 + 2 + � � � + 2

d � 1

= 2

d

� 1 in ternal no des.

The hin t follo ws b ecause w e can �nd a minimal subtree of size � b r = 3 c . Its size s is

at most 1 + 2( b r = 3 c � 1). Therefore w e can write f = ( g ? f

1

: f

0

), where g is a subform ula

of size s ; f

0

and f

1

are the form ulas of size r � s � 1 obtained when that subform ula is

replaced b y 0 and 1, resp ectiv ely .

Let d ( r ) = max f D ( f ) j L ( f ) = r g . Since the m ux function has depth 2, and since

max ( s; r � s � 1) < d

2 r

3

e , w e ha v e d ( r ) � 2 + d ( d

2 r

3

e � 1) for r � 3, and the result

follo ws b y induction on r . [ Ha w aii In ternational Conf. System Sci. 4 (1971), 525{527.]

5. Let g

0

= 0, g

1

= x

1

, and g

j

= x

j

^ ( x

j � 1

_ g

j � 2

) for j � 2. Then F

n

= g

n

_ g

n � 1

,

with cost 2 n � 2 and depth n . [These functions g

j

also pla y a prominen t role in binary

addition; see exercises 42 and 44 for w a ys to compute them with depth O (log n ).]

6. T rue: Consider the cases y = 0 and y = 1.

7. ^x

5

= x

1

_ x

4

, ^x

6

= ^x

2

^ ^x

5

, ^x

7

= x

1

_ x

3

, ^x

8

= ^x

6

� ^x

7

. (The original c hain computes

the \random" function ( 6 ) ; see exercise 1. The new c hain computes the normalization

of that function, namely its complemen t.)

8. The desired truth table consists of blo c ks of 2

n � k

0 s alternating with blo c ks of

2

n � k

1s, as in ( 7 ) . Therefore, if w e m ultiply b y 2

2

n � k

+ 1 w e get x

k

+ ( x

k

� 2

n � k

),

whic h is all 1s.

9. When �nding L ( f ) = 1 in step L6, w e can store g and h in a record asso ciated

with f . Then a recursiv e pro cedure will b e able to construct a minim um-length form ula

for f from the resp ectiv e form ulas for g and h .

10. In step L3, use k = r � 1 instead of k = r � 1 � j . Also c hange L to D ev erywhere.

11. The only subtle p oin t is that j should de cr e ase in step U3; then w e'll nev er ha v e

� ( g ) & � ( h ) 6= 0 when j = 0, so all cases of cost r � 1 will b e disco v ered b efore w e b egin

to lo ok at list r � 1.

U1. [Initialize.] Set U (0)  � (0)  0 and U ( f )  1 for 1 � f < 2

2

n

� 1

. Then

set U ( x

k

)  � ( x

k

)  0 and put x

k

in to list 0, as in step L1. Also set
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U ( x

j

� x

k

)  1, set � ( x

j

� x

k

) to an appropriate bit v ector of w eigh t 1, and

put x

j

� x

k

in to list 1, for 1 � j < k � n and all �v e normal op erators � .

Finally set c  2

2

n

� 1

� 5

�

n

2

�

� n � 1.

U2. [Lo op on r .] Do step U3 for r = 2, 3, : : : , while c > 0.

U3. [Lo op on j and k .] Do step U4 for j = b ( r � 1) = 2 c , b ( r � 1) = 2 c � 1, : : : , and

k = r � 1 � j , while j � 0.

U4. [Lo op on g and h .] Do step U5 for all g in list j and all h in list k ; if j = k ,

restrict h to functions that fol low g in list k .

U5. [Lo op on f .] If � ( g ) & � ( h ) 6= 0, set u  r � 1 and v  � ( g ) & � ( h ); otherwise

set u  r and v  � ( g ) j � ( h ). Then do step U6 for f = g & h , f = �g & h ,

f = g &

�

h , f = g j h , and f = g � h .

U6. [Up date U ( f ) and � ( f ).] If U ( f ) = 1 , set c  c � 1, � ( f )  v , and put f

in to list u . Otherwise if U ( f ) > u , set � ( f )  v and mo v e f from list U ( f )

to list u . Otherwise if U ( f ) = u , set � ( f )  � ( f ) j v .

12. x

4

= x

1

� x

2

, x

5

= x

3

^ x

2

, x

6

= x

2

^ �x

4

, x

7

= x

5

_ x

6

.

13. f

5

= 01010101 ( x

3

); f

4

= 01110111 ( x

2

_ x

3

); f

3

= 01110101 (( � x

1

^ x

2

) _ x

3

);

f

2

= 00110101 ( x

1

? x

3

: x

2

); f

1

= 00010111 ( h x

1

x

2

x

3

i ).

14. F or 1 � j � n , �rst compute t  ( g � ( g � 2

n � j

)) & x

j

, t  t � ( t � 2

n � j

),

where x

j

is the truth table ( 11 ) ; then for 1 � k � n and k 6= j , the desired truth table

corresp onding to x

j

 x

j

� x

k

is g � ( t & (( x

j

� x

k

) � x

j

)).

(The 5 n ( n � 1) masks ( x

j

� x

k

) � x

j

are indep enden t of g and can b e computed

in adv ance. The same idea applies if w e allo w more general computations of the form

x

j ( i )

 x

k ( i )

�

i

x

l ( i )

, with 5 n

2

( n � 1) masks ( x

k

� x

l

) � x

j

.)

15. Remark ably asymmetrical w a ys to compute symmetrical functions:

(a) x

1

 x

1

� x

2

;

x

3

 x

3

� x

4

;

x

1

 x

1

� x

3

;

x

2

 x

2

� x

4

;

x

3

 x

3

_ x

2

;

x

3

 x

3

^ �x

1

:

(b) x

1

 x

1

� x

2

;

x

2

 x

2

^ �x

1

;

x

3

 x

3

� x

4

;

x

4

 x

4

^ x

1

;

x

2

 �x

2

^ x

3

;

x

2

 x

2

� x

1

;

x

2

 x

2

^ �x

4

:

(c) x

1

 x

1

� x

2

;

x

2

 x

2

� x

3

;

x

2

 x

2

_ x

1

;

x

1

 x

1

� x

4

;

x

1

 x

1

^ x

3

;

x

2

 x

2

^ �x

1

;

x

2

 x

2

� x

4

:

16. A computation that uses only � and complemen tation pro duces nothing but

a�ne functions (see exercise 7.1.1{132). Supp ose f ( x ) = f ( x

1

; : : : ; x

n

) is a non-a�ne

function computable in minim um memory . Then f ( x ) has the form g ( Ax + c ) where

g ( y

1

; y

2

; : : : ; y

n

) = g ( y

1

^ y

2

; y

2

; : : : ; y

n

), for some nonsingular n � n matrix A of 0 s

and 1s, where x and c are column v ectors and the v ector op erations are p erformed

mo dulo 2; in this form ula the matrix A and v ector c accoun t for all op erations x

i

 

x

i

� x

j

and/or p erm utations and complemen tations of co ordinates that o ccur after the

most recen t non-a�ne op eration that w as p erformed. W e will exploit the fact that

g (0 ; 0 ; y

3

; : : : ; y

n

) = g (1 ; 0 ; y

3

; : : : ; y

n

).

Let � and � b e the �rst t w o ro ws of A ; also let a and b b e the �rst t w o elemen ts

of c . Then if Ax + c � y (mo dulo 2) w e ha v e y

1

= y

2

= 0 if and only if � � x � a and

� � x � b . Exactly 2

n � 2

v ectors x satisfy this condition, and for all suc h v ectors w e

ha v e f ( x ) = f ( x � w ), where A w � (1 ; 0 ; : : : ; 0)

T

.

Giv en � , � , a , b , and w , with � 6= (0 ; : : : ; 0), � 6= (0 ; : : : ; 0), � 6= � , and � � w � 1

(mo dulo 2), there are 2

2

n

� 2

n � 2

functions f with the prop ert y that f ( x ) = f ( x � w )
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whenev er � � x mo d 2 = a and � � x mo d 2 = b . Therefore the total n um b er of functions

computable in minim um memory is at most 2

n +1

(for a�ne functions) plus

(2

n

� 1)(2

n

� 2) 2

2

(2

n � 1

)(2

2

n

� 2

n � 2

) < 2

2

n

� 2

n � 2

+3 n +1

:

17. Let f ( x

1

; : : : ; x

n

) = g ( x

1

; : : : ; x

n � 1

) � ( h ( x

1

; : : : ; x

n � 1

) ^ x

n

) as in 7.1.1{( 16 ) .

Represen ting h in CNF , form the clauses one b y one in x

0

and AND them in to x

n

,

obtaining h ^ x

n

. Represen ting g as a sum (mo d 2) of conjunctions, form the successiv e

conjunctions in x

0

and X OR them in to x

n

when ready .

(It app ears to b e imp ossible to ev aluate all functions inside of n + 1 registers if w e

disallo w the non-canalizing op erators � and

�

. But n + 2 registers clearly do su�ce,

ev en if w e restrict ourselv es to the single op erator ^ .)

18. As men tioned in answ er 14, w e should extend the text's de�nition of minim um-

memory computation to allo w also steps lik e x

j ( i )

 x

k ( i )

�

i

x

l ( i )

, with k ( i ) 6= j ( i ) and

l ( i ) 6= j ( i ), b ecause that will giv e b etter results for certain functions that dep end on

only four of the �v e v ariables. Then w e �nd C

m

( f ) = (0 ; 1 ; : : : ; 13 ; 14) for resp ectiv ely

(2, 2, 5, 20, 93, 389, 1960, 10459, 47604, 135990, 198092, 123590, 21540, 472, 0) classes

of functions : : : lea ving 75,908 classes (and 575,963, 136 functions) for whic h C

m

( f ) = 1

b ecause they cannot b e ev aluated at al l in minim um memory . The most in teresting

function of that kind is probably ( x

1

^ x

2

) _ ( x

2

^ x

3

) _ ( x

3

^ x

4

) _ ( x

4

^ x

5

) _ ( x

5

^ x

1

),

whic h has C ( f ) = 7 but C

m

( f ) = 1 . Another in teresting case is ( (( x

1

_ x

2

) � x

3

) _

(( x

2

_ �x

4

) ^ x

5

) ) ^ ( ( x

1

�

x

2

) _ x

3

_ x

4

) , for whic h C ( f ) = 8 and C

m

( f ) = 13. One w a y

to ev aluate that function in eigh t steps is x

6

= x

1

_ x

2

, x

7

= x

1

_ x

4

, x

8

= x

2

� x

7

,

x

9

= x

3

� x

6

, x

10

= x

4

� x

9

, x

11

= x

5

_ x

9

, x

12

= x

8

^ x

10

, x

13

= x

11

^ �x

12

.

19. If not, the left and righ t subtrees of the ro ot m ust o v erlap, since case (i) fails.

Eac h v ariable m ust o ccur at least once as a leaf, b y h yp othesis. A t least t w o v ariables

m ust o ccur at least t wice as lea v es, since case (ii) fails. But w e can't ha v e n + 2 lea v es

with r � n + 1 in ternal no des, unless the subtrees fail to o v erlap.

20. No w Algorithm L (with ` f = g � h ' omitted in step L5) sho ws that some form ulas

m ust ha v e length 15; and ev en the fo otprin t metho d of exercise 11 do es no b etter

than 14. T o get truly minim um c hains, the 25 sp ecial c hains for r = 6 in the text m ust

b e supplemen ted b y �v e others that can no longer b e ruled out, namely

1

1

2

23

4

1 12 2

3 4

1 12 2

3 4

1 12 2

3

4

1 12 2

3

4

;

and when r = (7 ; 8 ; 9) w e m ust also consider resp ectiv ely (653 ; 12387 ; 225660) additional

p oten tial c hains that are not sp ecial cases of the top-do wn and b ottom-up constructions.

Here are the resulting statistics, for comparison with T able 1:

C

c

( f )

Class-

es

F unc-

tions

U

c

( f )

Class-

es

F unc-

tions

L

c

( f )

Class-

es

F unc-

tions

D

c

( f )

Class-

es

F unc-

tions

0 2 10 0 2 10 0 2 10 0 2 10

1 1 48 1 1 48 1 1 48 1 1 48

2 2 256 2 2 256 2 2 256 2 7 684

3 7 940 3 7 940 3 7 940 3 59 17064

4 9 2336 4 9 2336 4 7 2048 4 151 47634

5 24 6464 5 21 6112 5 20 5248 5 2 96

6 30 10616 6 28 9664 6 23 8672 6 0 0
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7 61 18984 7 45 15128 7 37 11768 7 0 0

8 45 17680 8 40 14296 8 27 10592 8 0 0

9 37 7882 9 23 8568 9 33 11536 9 0 0

10 4 320 10 28 5920 10 16 5472 10 0 0

11 0 0 11 6 1504 11 30 6304 11 0 0

12 0 0 12 5 576 12 3 960 12 0 0

13 0 0 13 3 144 13 8 1472 13 0 0

14 0 0 14 2 34 14 2 96 14 0 0

15 0 0 15 0 0 15 4 114 15 0 0

The t w o function classes of depth 5 are represen ted b y S

24

( x

1

; x

2

; x

3

; x

4

) and x

1

�

S

2

( x

2

; x

3

; x

4

); and those t w o functions, together with S

2

( x

1

; x

2

; x

3

; x

4

) and the parit y

function S

13

( x

1

; x

2

; x

3

; x

4

) = x

1

� x

2

� x

3

� x

4

, ha v e length 15. Also U

c

( S

24

) =

U

c

( S

13

) = 14. The four classes of cost 10 are represen ted b y S

14

( x

1

; x

2

; x

3

; x

4

),

S

24

( x

1

; x

2

; x

3

; x

4

), ( x

4

? x

1

� x

2

� x

3

: h x

1

x

2

x

3

i ), and [ ( x

1

x

2

x

3

x

4

)

2

2 f 0 ; 1 ; 4 ; 7 ; 10 ; 13 g ].

(The third of these, inciden tally , is the complemen t of ( 20 ) , \Harv ard's hardest case.")

21. (The authors stated that their table en tries \should b e regarded only as the most

economical op erators kno wn to the presen t writers.")

22. � ( x

1

x

2

x

3

x

4

x

5

) = 3 if and only if � ( x

1

x

2

x

3

x

4

) 2 f 2 ; 3 g and � ( x

1

x

2

x

3

x

4

x

5

) is o dd.

Similarly , S

2

( x

1

; x

2

; x

3

; x

4

; x

5

) = S

3

( � x

1

; �x

2

; �x

3

; �x

4

; �x

5

) incorp orates S

12

( x

1

; x

2

; x

3

; x

4

):

+

+

_

+

_

^

+ +

+

1 2

3 3 4

1 2

4 5

S

2

=

23. W e need only consider the 32 normal cases, as in Fig. 5, since the complemen t of

a symmetric function is symmetric. Then w e can use re
ection, lik e S

12

( x ) = S

34

( � x ),

p ossibly together with complemen tation, lik e S

2345

( x ) =

�

S

01

( x ) =

�

S

45

( � x ), to deduce

most of the remaining cases. Of course S

1

, S

135

, and S

12345

trivially ha v e cost 4. That

lea v es only S

1234

( x

1

; x

2

; x

3

; x

4

; x

5

) = ( x

1

� x

2

) _ ( x

2

� x

3

) _ ( x

3

� x

4

) _ ( x

4

� x

5

), whic h

is discussed for general n in exercise 79.

24. As noted in the text, this conjecture holds for n � 5.

25. It is 2

2

n

� 1

� n � 1, the n um b er of nontrivial normal functions. (In an y normal c hain

of length r that do esn't include all of these functions, x

j

� x

k

will b e a new function

for some j and k in the range 1 � j; k � n + r and some normal binary op erator � ; so

w e can compute a new function with ev ery new step, un til w e'v e got them all.)

26. F alse. F or example, if g = S

13

( x

1

; x

2

; x

3

) and h = S

23

( x

1

; x

2

; x

3

), then C ( g h ) = 5

is the cost of a full adder; but f = S

23

( x

0

; x

1

; x

2

; x

3

) has cost 6 b y Fig. 4.

27. Y es: The op erations ` x

2

 x

2

� x

1

, x

1

 x

1

� x

3

, x

1

 x

1

^ �x

2

, x

1

 x

1

� x

3

,

x

2

 x

2

� x

3

' transform ( x

1

; x

2

; x

3

) in to ( z

1

; z

0

; x

3

).

28. Let v

0

= v

00

= v � ( x � y ); u

0

= (( v � y ) � ( x � y )) � u , u

00

= (( v � y ) _ ( x � y )) � u .

Th us w e can set u

0

= 0, v

0

= x

1

, u

j

= (( v

j � 1

� x

2 j +1

) _ ( x

2 j

� x

2 j +1

)) � u

j � 1

if j is o dd,

u

j

= (( v

j � 1

� x

2 j +1

) � ( x

2 j

� x

2 j +1

)) � u

j � 1

if j is ev en, and v

j

= v

j � 1

� ( x

2 j

� x

2 j +1

),

obtaining ( u

j

v

j

)

2

= ( x

1

+ � � � + x

2 j +1

) mo d 4 for 1 � j � b n= 2 c . Set x

n +1

= 0 if n is

ev en. The function [ ( x

1

+ � � � + x

n

) mo d 4 = 0 ] = �u

b n= 2 c

^ �v

b n= 2 c

is thereb y computed

in b 5 n= 2 c � 2 steps.
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This construction is due to L. J. Sto c kmey er, who pro v ed that it is nearly optimal.

In fact, the result of exercise 80 together with Figs. 4 and 5 sho ws that it is at most

one step longer than a b est p ossible c hain, for all n � 5.

Inciden tally , the analogous form ula u

000

= (( v � y ) ^ ( x � y )) � u yields ( u

000

v

0

)

2

=

(( uv )

2

+ x � y ) mo d 4. The simpler-lo oking function (( uv )

2

+ x + y ) mo d 4 costs 6, not 5.

29. T o get an upp er b ound, assume that eac h full adder or half adder increases the

depth b y 3. If there are a

j d

bits of w eigh t 2

j

and depth 3 d , w e sc hedule at most d a

j d

= 3 e

subsequen t bits of w eigh ts f 2

j

; 2

j +1

g and depth 3( d + 1). It follo ws b y induction that

a

j d

�

�

d

j

�

3

� d

n + 4. Hence a

j d

� 5 when d � log

3 = 2

n , and the o v erall depth is at most

3 log

3 = 2

n + 3. (Curiously , the actual depth turns out to b e exactly 100 when n = 10

7

.)

30. As usual, let � n denote the sidew a ys addition of the bits in the binary represen-

tation of n itself. Then s ( n ) = 5 n � 2 � n � 3 b lg n c � 3.

31. After sidew a ys addition in s ( n ) < 5 n steps, an arbitrary function of ( z

b lg n c

; : : : ; z

0

)

can b e ev aluated in � 2 n= lg n steps at most, b y Theorem L. [See O. B. Lupano v,

Doklady Ak ademii Nauk SSSR 140 (1961), 322{325.]

32. Bo otstrap: First pro v e b y induction on n that t ( n ) � 2

n +1

.

33. F alse, on a tec hnicalit y: If, sa y , N =

p

n , at least n steps are needed. A correct

asymptotic form ula N + O (

p

N ) + O ( n ) can, ho w ev er, b e pro v ed b y �rst noting that

the text's metho d giv es N + O (

p

N ) when N � 2

n � 1

; otherwise, if b lg N c = n � k � 1,

w e can use O ( n ) op erations to AND the quan tit y �x

1

^ � � � ^ �x

k

to the other v ariables

x

k +1

, : : : , x

n

, then pro ceed with n reduced b y k .

(One consequence is that w e can compute the symmetric functions f S

1

; S

2

; : : : ; S

n

g

with cost s ( n ) + n + O (

p

n ) = 6 n + O (

p

n ) and depth O (log n ).)

34. Sa y that an extende d priorit y enco der has n + 1 = 2

m

inputs x

0

x

1

: : : x

n

and

m + 1 outputs y

0

y

1

: : : y

m

, where y

0

= x

0

_ x

1

_ � � � _ x

n

. If Q

0

m

and Q

00

m

are extended

enco ders for x

0

0

: : : x

0

n

and x

00

0

: : : x

00

n

, then Q

m +1

w orks for x

0

0

: : : x

0

n

x

00

0

: : : x

00

n

if w e de�ne

y

0

= y

0

0

_ y

00

0

, y

1

= y

0

0

, y

2

= y

1

? y

00

1

: y

0

1

, : : : , y

m +1

= y

1

? y

00

m

: y

0

m

. If P

0

m

is an ordinary

priorit y enco der for x

0

1

: : : x

0

n

, w e get P

m +1

for x

0

1

: : : x

0

n

x

00

0

: : : x

00

n

in a similar w a y .

Starting with m = 2 and y

2

= x

3

_ ( x

1

^ �x

2

), y

1

= x

2

_ x

3

, y

0

= x

0

_ x

1

_ y

1

,

this construction yields P

m

and Q

m

of costs p

m

and q

m

, where p

2

= 3, q

2

= 5, and

p

m +1

= 3 m + p

m

+ q

m

, q

m +1

= 3 m + 1 + 2 q

m

for m � 2. Consequen tly p

m

= q

m

� m

and q

m

= 15 � 2

m � 2

� 3 m � 4 � 3 : 75 n .

35. If n = 2 m , compute x

1

^ x

2

, : : : , x

n � 1

^ x

n

, then recursiv ely form x

1

^ � � � ^ x

2 k � 2

^

x

2 k +1

^ � � � ^ x

n

for 1 � k � m , and �nish in n more steps. If n = 2 m � 1, use this c hain

for n + 1 elemen ts; three steps can b e eliminated b y setting x

n +1

 1. [I. W egener,

The Complexit y of Bo olean F unctions (1987), exercise 3.25. The same idea can b e used

with asso ciativ e and comm utativ e op erator in place of ^ .]

36. Recursiv ely construct P

n

( x

1

; : : : ; x

n

) and Q

n

( x

1

; : : : ; x

n

) as follo ws, where P

n

has

optim um depth and Q

n

has depth � d lg n e + 1: The case n = 1 is trivial; otherwise P

n

is obtained from Q

0

r

( x

1

; : : : ; x

r

) and P

00

s

( x

r +1

; : : : ; x

n

), where r = d n= 2 e and s = b n= 2 c ,

b y setting y

j

= y

0

j

for 1 � j � r , y

j

= y

0

r

^ y

00

j � r

for r < j � n . And Q

n

is obtained

from either P

0

r

( x

1

^ x

2

; : : : ; x

n � 1

^ x

n

) or P

0

r

( x

1

^ x

2

; : : : ; x

n � 2

^ x

n � 1

; x

n

) b y setting

y

2 j

= y

0

j

, y

2 j +1

= y

0

j

^ x

2 j +1

for 1 � j < s , and y

2 s

= y

0

s

, y

n

= y

0

r

.

T o pro v e v alidit y w e m ust sho w also that output y

n

of Q

n

has depth d lg n e ; notice

that Q

2 m +1

w ould fail if w e b egan it with P

0

m

( x

1

^ x

2

; : : : ; x

2 m � 1

^ x

2 m

) instead of with

P

0

m +1

( x

1

^ x

2

; : : : ; x

2 m � 1

^ x

2 m

; x

2 m +1

), exc ept when m is a p o w er of 2.
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These calculations can b e p erformed in minimum memory , setting x

k ( i )

 x

j ( i )

^

x

k ( i )

at step i for some indices j ( i ) < k ( i ). Th us w e can illustrate the construction

with diagrams analogous to the diagrams for sorting net w orks. F or example,

P

8

=

(dela y 3)

(dela y 3)

(dela y 3)

(dela y 3)

(dela y 2)

(dela y 2)

(dela y 1)

(dela y 0)

; Q

8

=

(dela y 3)

(dela y 4)

(dela y 3)

(dela y 3)

(dela y 2)

(dela y 2)

(dela y 1)

(dela y 0)

:

The costs p

n

and q

n

satisfy p

n

= b n= 2 c + q

d n= 2 e

+ p

b n= 2 c

, q

n

= 2 b n= 2 c � 1 + p

d n= 2 e

when n > 1; for example, ( p

1

; : : : ; p

7

) = ( q

1

; : : : ; q

7

) = (0 ; 1 ; 2 ; 4 ; 5 ; 7 ; 9). Setting �p

n

=

4 n � p

n

and �q

n

= 3 n � q

n

leads to simpler form ulas, whic h pro v e that p

n

< 4 n and

q

n

< 3 n : �q

n

= �p

d n= 2 e

+ [ n ev en]; �p

4 n

= �p

2 n

+ �p

n

+ 1, �p

4 n +1

= �p

2 n

+ �p

n +1

+ 1, �p

4 n +2

=

�p

2 n +1

+ �p

n +1

, �p

4 n +3

= �p

4 n +2

+ 2. In particular, 1 + �p

2

m

= F

m +5

is a Fib onacci n um b er.

[See JA CM 27 (1980), 831{834. Sligh tly b etter c hains are obtained if w e use the

otherwise-forbidden P

0

b n= 2 c

construction for Q

n

when n = 2

m

+ 1, if w e replace P

5

and

P

6

b y Q

5

and Q

6

, and if w e then replace ( P

9

; P

10

; P

11

; P

17

) b y ( Q

9

; Q

10

; Q

11

; Q

17

).]

Notice that this construction w orks in general if w e replace ` ^ ' b y any asso ciativ e

op erator. In particular, the sequence of pre�xes x

1

� � � � � x

k

for 1 � k � n de�nes the

con v ersion from Gra y binary co de to radix-2 in tegers, Eq. 7.2.1.1{( 10 ) .

37. The case m = 15, n = 16 is illustrated at the righ t.

(a) Let x

i::j

denote the original v alue of x

i

^ � � � ^ x

j

. Whenev er the

algorithm sets x

k

 x

j

^ x

k

, one can sho w that the previous v alue of x

k

w as x

j +1 :: k

. After step S1, x

k

is x

f ( k )+1 ::k

where f ( k ) = k & ( k � 1) for

1 � k < m and f ( m ) = 0. After step S2, x

k

is x

1 :: k

for 1 � k � m .

(b) The cost of S1 is m � 1, the cost of S2 is m � 1 � d lg m e , and

the cost of S3 is n � m . The �nal dela y of x

k

is b lg k c + � k � 1 for

1 � k < m , and it is d lg m e + k � m for m � k � n . So the maxim um

dela y for f x

1

; : : : ; x

m � 1

g turns out to b e g ( m ) = m � 1 for m < 4,

g ( m ) = b lg m c + b lg

m

3

c for m � 4. W e ha v e c ( m; n ) = m + n � 2 � d lg m e ,

d ( m; n ) = max ( g ( m ) ; d lg m e + n � m ). Hence c ( m; n ) + d ( m; n ) = 2 n � 2

whenev er n � m + g ( m ) � d lg m e .

(c) A table of v alues rev eals that d ( n ) = d lg n e for n < 8, and d ( n ) = b lg ( n �

b lg n c + 3) c + b lg

2

3

( n � b lg n c + 3) c � 1 for n � 8. Stating this another w a y , w e

ha v e d ( n ) > d ( n � 1) > 0 if and only if n = 2

k

+ k � 3 or 2

k

+ 2

k � 1

+ k � 3 for

some k > 1. The minim um o ccurs for m = n when n < 8; otherwise it o ccurs for

m = n � b

2

3

( n � b lg n c + 3) c + 2 � [ n = 2

k

+ k � 3 for some k ].

(d) Set m  m ( n; d ), where m ( n; d ( n )) is de�ned in the previous sen tence and

m ( n; d ) = m ( n � 1 ; d � 1) when d > d ( n ). [See J. Algorithms 7 (1986), 185{201.]

38. (a) F rom top to b ottom, f

k

( x

1

; : : : ; x

n

) is an elemen tary symmetric function also

called the threshold function S

� k

( x

1

; : : : ; x

n

). (See exercise 5.3.4{28, Eq. 7.1.1{( 90 ) .)

(b) After calculating f S

1

; : : : ; S

n

g in � 6 n steps as in answ er 33, w e can apply the

metho d of exercise 37 to �nish in 2 n further steps.

But it is more in teresting to design a Bo olean c hain sp eci�cally for the computation

of the 2

m

+ 1 threshold functions g

k

( x

1

; : : : ; x

m

) = [ ( x

1

: : : x

m

)

2

� k ] for 0 � k � 2

m

.

Since [( x

0

x

00

)

2

� ( y

0

y

00

)

2

] = [ ( x

0

)

2

� ( y

0

)

2

+ 1 ] _ ([ ( x

0

)

2

� ( y

0

)

2

] ^ [ ( x

00

)

2

� ( y

00

)

2

]), a

divide-and-conquer construction analogous to a binary deco der solv es this problem

with a cost at most 2 t ( m ).
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F urthermore, if 2

m � 1

� n < 2

m

, the cost u ( n ) of computing f g

1

; : : : ; g

n

g b y this

metho d turns out to b e 2 n + O (

p

n ), and it is quite reasonable when n is small:

n = 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

u ( n ) = 0 1 2 4 7 7 8 12 15 17 19 19 20 21 22 27 32 34 36 36

Starting with sidew a ys addition, w e can sort n Bo olean v alues in s ( n ) + u ( n ) � 7 n

steps. A sorting net w ork, whic h costs 2

^

S ( n ), is b etter when n = 4 but loses when

n � 8. [See 5.3.4{( 11 ) ; D. E. Muller and F. P . Preparata, JA CM 22 (1975), 195{201.]

39. [ IEEE T ransactions C-29 (1980), 737{738.] The iden tit y

M

r + s

( x

1

; : : : ; x

r

; x

r +1

; : : : ; x

r + s

; y

0

; : : : ; y

2

r + s

� 1

) = M

r

( x

1

; : : : ; x

r

; y

0

0

; : : : ; y

0

2

r

� 1

) ;

where y

0

j

=

W

2

s

� 1

k =0

( d

k

^ y

2

s

j + k

) and d

k

is the k th output of an s -to-2

s

deco der applied

to ( x

r +1

; : : : ; x

r + s

), sho ws that C ( M

r + s

) � C ( M

r

) + 2

r + s

+ 2

r

(2

s

� 1) + t ( s ), where t ( s )

is the cost ( 30 ) of the deco der. The depth is D ( M

r + s

) = max ( D

x

( M

r + s

) ; D

y

( M

r + s

) ) ,

where D

x

and D

y

denote the maxim um depth of the x and y v ariables; w e ha v e

D

x

( M

r + s

) � max ( D

x

( M

r

) ; 1 + s + d lg s e + D

y

( M

r

) ) and D

y

( M

r + s

) � 1 + s + D

y

( M

r

).

T aking r = d m= 2 e and s = b m= 2 c yields C ( M

m

) � 2

m +1

+ O (2

m= 2

), D

y

( M

m

) �

m + 1 + d lg m e , and D

x

( M

m

) � D

y

( M

m

) + d lg m e .

40. W e can, for example, let f

nk

( x ) =

W

n +1 � k

j =1

( l

j

( x ) ^ r

j + k � 1

( x )), where

l

j

( x ) =

�

x

j

; if j mo d k = 0,

x

j

^ l

j +1

( x ) ; if j mo d k 6= 0,

for 1 � j � n � ( n mo d k ) ;

r

j

( x ) =

�

1 ; if j mo d k = 0,

x

j

^ r

j � 1

( x ) ; if j mo d k 6= 0,

for k � j � n :

The cost is 4 n � 3 k � 3 b

n

k

c � b

n � 1

k

c + 2 � ( n mo d k ).

A recursiv e solution is preferable when n is small or k is small: Observ e that

f

nk

( x ) =

8

>

>

<

>

>

:

x

n � k +1

^ � � � ^ x

k

^

f

(2 n � 2 n )( n � k )

( x

1

; : : : ; x

n � k

; x

k +1

; : : : ; x

n

) ; for k < n < 2 k ;

f

b ( n + k ) = 2 c k

( x

1

; : : : ; x

b ( n + k ) = 2 c

) _

f

b ( n + k � 1) = 2 c k

( x

b ( n � k ) = 2 c +1

; : : : ; x

n

) ; for n � 2 k .

The cost of this solution can b e sho wn to equal n � 1 +

P

n � k

j =1

b lg j c when k � n < 2 k ,

and it lies asymptotically b et w een ( m + �

k

� 1) n + O ( k m ) and ( m + 2 � 2 =�

k

) n + O ( k m )

as n ! 1 , where m = b lg k c and 1 < �

k

= ( k + 1) = 2

m

� 2.

A marriage of these metho ds is b etter y et; the optim um cost is unkno wn.

41. Let c ( m ) b e the cost of computing b oth ( x )

2

+ ( y )

2

and ( x )

2

+ ( y )

2

+ 1 b y the

conditional-sum metho d when x and y ha v e n = 2

m

bits, and let c

0

( m ) b e the cost of

the simpler problem of computing just ( x )

2

+ ( y )

2

. Then c ( m + 1) = 2 c ( m ) + 6 � 2

m

+ 2,

c

0

( m + 1) = c ( m ) + c

0

( m ) + 3 � 2

m

+ 1. (Bit z

n

of the sum costs 1; but bits z

k

for

n < k � 2 n + 1 cost 3, b ecause they ha v e the form c ? a

k

: b

k

where c is a carry bit.) If

w e start with n = 1 and c (0) = 3, c

0

(0) = 2, the solution is c ( m ) = (3 m + 5)2

m

� 2,

c

0

( m ) = (3 m + 2)2

m

� m . But impro v ed constructions for the case n = 2 allo w us

to start with c (1) = 11 and c

0

(1) = 7; then the solution is c ( m ) = (3 m +

7

2

)2

m

� 2,

c

0

( m ) = (3 m +

1

2

)2

m

� m + 1. In either case the depth is 2 m + 1. [See J. Sklansky , IRE

T ransactions EC-9 (1960), 226{231.]
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42. (a) Since h x

k

y

k

c

k

i = u

k

_ ( v

k

^ c

k

), w e can use ( 26 ) and induction.

(b) Notice that U

k +1

k

= u

k

and V

k +1

k

= v

k

; use induction on j � i . [See A. W ein-

b erger and J. L. Smith, IRE T ransactions EC-5 (1956), 65{73; R. P . Bren t and H. T.

Kung, IEEE T ransactions C-31 (1982), 260{264.]

(c) First, for l = 1, 2, : : : , m � 1, and for 1 � k � n , compute V

k

i

for all m ultiples i

of h ( l ) in the range k

l

� i � k

l +1

, where k

l

= h ( l ) b ( k � 1) =h ( l ) c denotes the largest

m ultiple of h ( l ) that is less than k . F or example, when l = 2 and k = 99, w e compute

V

99

96

, V

99

88

= V

99

96

^ V

96

88

, V

99

80

= V

99

88

^ V

88

80

, : : : , V

99

64

= V

99

72

^ V

72

64

; this is a pre�x

computation using the v alues V

99

96

, V

96

88

, V

88

80

, : : : , V

72

64

that w ere computed when l = 2.

Using the metho d of exercise 36, step l adds at most l lev els to the depth, and it

requires a total of ( p

1

+ p

2

+ � � � + p

2

l

) n= 2

l

= O (2

l

n ) gates.

Then, again for l = 1, 2, : : : , m � 1, and for 1 � k � n , compute U

k

i

for i = k

l +1

,

using the \unrolled" form ula

U

k

k

l +1

= U

k

k

l

_

_

k

l

>j � k

l +1

h ( l ) n j

( V

k

j + h ( l )

^ U

j + h ( l )

j

) :

F or example, the unrolled form ula when l = 3 and k = 99 is

U

99

64

= U

99

96

_ ( V

99

96

^ U

96

88

) _ ( V

99

88

^ U

88

80

) _ ( V

99

80

^ U

80

72

) _ ( V

99

72

^ U

72

64

) :

Ev ery suc h U

k

i

is a union of at most 2

l

terms, so it can b e computed with depth � l

in addition to the depth of eac h term. The total cost of this phase for 1 � k � n is

(0 + 2 + 4 + � � � + (2

l

� 2)) n= 2

l

= O (2

l

n ).

The o v erall cost to compute all necessary U 's and V 's is therefore

P

m � 1

l =1

O (2

l

n ) =

O (2

m

n ). (F urthermore the quan tities V

k

0

aren't actually needed, so w e sa v e the

cost of

P

m � 1

l =1

h ( l ) p

2

l

gates.) F or example, when m = (2 ; 3 ; 4 ; 5) w e obtain Bo olean

c hains for the addition of (2 ; 8 ; 64 ; 1024)-bit n um b ers, resp ectiv ely , with o v erall depths

(3 ; 7 ; 11 ; 16) and costs (7 ; 64 ; 1254 ; 48470).

[This construction is due to V. M. Khrap c henk o, Problem y Kib ernetiki 19 (1967),

107{122, who also sho w ed ho w to com bine it with other metho ds so that the o v erall

cost will b e O ( n ) while still ac hieving depth lg n + O (

p

log n ). Ho w ev er, his com bined

metho d is purely of theoretical in terest, b ecause it requires n > 2

64

b efore the depth

b ecomes less than 2 lg n . Another w a y to ac hiev e small depth using the recurrences

in (b) can b e based on the Fib onacci n um b ers: The Fib onacci metho d computes the

carries with depth log

�

n + O (1) � 1 : 44 lg n and cost O ( n log n ). F or example, it yields

c hains for binary addition with the follo wing c haracteristics:

n = 4 8 16 32 64 128 256 512 1024

depth 6 7 9 10 12 13 15 16 18

cost 24 71 186 467 1125 2648 6102 13775 30861

See D. E. Kn uth, The Stanford GraphBase (1994), 276{279.

Charles Babbage found an ingenious mec hanical solution to the analogous problem

for addition in radix 10, claiming that his design w ould b e able to add n um b ers of arbi-

trary precision in constan t time. F or this to w ork he w ould ha v e needed idealized, rigid

comp onen ts with v anishing clearances; the idea isn't applicable to mo dern computers.

See H. P . Babbage, Babbage's Calculating Engines (1889), 334{335.]

43. (a) Let A = B = Q = f 0 ; 1 g and q

0

= 0. De�ne c ( q ; a ) = d ( q ; a ) = �q ^ a .

(b) The k ey idea is to construct the functions d

1

( q ) : : : d

n � 1

( q ), where d

1

( q ) =

d ( q ; a

1

) and d

j +1

( q ) = d ( d

j

( q ) ; a

j

). In other w ords, d

1

= d

( a

1

)

and d

j +1

= d

j

� d

( a

j

)

,
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where d

( a )

is the function that tak es q 7! d ( q ; a ) and where � denotes comp osition of

functions. Eac h function d

j

can b e enco ded in binary notation, and � is an asso ciativ e

op eration on these binary represen tations. Hence the functions d

1

d

2

: : : d

n � 1

are the

pre�xes d

( a

1

)

, d

( a

1

)

� d

( a

2

)

, : : : , d

( a

1

)

� � � � � d

( a

n � 1

)

; and q

1

q

2

: : : q

n

= q

0

d

1

( q

0

) : : : d

n � 1

( q

0

).

(c) Represen t a function f ( q ) b y its truth table f

0

f

1

. Then the comp osition

f

0

f

1

� g

0

g

1

is h

0

h

1

, where the functions h

0

= f

0

? g

1

: g

0

and h

1

= f

1

? g

1

: g

0

are m uxes

that can eac h b e computed with cost 3 and depth 2. (The com bined cost C ( h

0

h

1

) is

only 5, but w e are trying to k eep the depth small.) The truth table for d

( a )

is a 0. Using

exercise 36, w e can therefore compute the truth tables d

10

d

11

d

20

d

21

: : : d

( n � 1)0

d

( n � 1)1

with cost � 6 p

n � 1

< 24 n and depth � 2 d lg ( n � 1) e ; then b

j

= �q

j

^ a

j

=

�

d

( j � 1)0

^ a

j

.

(These cost estimates are quite conserv ativ e; substan tial simpli�cations arise b ecause

of the 0 s in the initial truth tables of d

( a

j

)

and b ecause man y of the in termediate v alues

d

j 1

are nev er used. F or example, when n = 5 the actual cost is only 10, not 6 p

4

+ 4 = 28;

the actual depth is 4, not 1 + 2 d lg 4 e = 5.)

44. The inputs ma y b e regarded as the string x

0

y

0

x

1

y

1

: : : x

n � 1

y

n � 1

whose elemen ts

b elong to the four-letter alphab et A = f 00 ; 01 ; 10 ; 11 g ; there are t w o states Q = f 0 ; 1 g ,

represen ting a p ossible carry bit, with q

0

= 0; the output alphab et is B = f 0 ; 1 g ; and

w e ha v e c ( q ; xy ) = q � x � y , d ( q ; xy ) = h q xy i . In this case, therefore, the �nite state

transducer is essen tially describ ed b y a full adder.

Only three of the four p ossible functions of q o ccur when w e comp ose the mappings

d

( xy )

. W e can enco de them as u _ ( q ^ v ). The initial functions d

( xy )

ha v e u = x ^ y , v =

x � y ; and the comp osition ( uv ) � ( u

0

v

0

) is u

00

v

00

, where u

00

= u

0

_ ( v

0

^ u ) and v

00

= v ^ v

0

.

When n = 4, for example, the c hain has the follo wing form, using the notation of

exercise 42: U

k +1

k

= x

k

^ y

k

, V

k +1

k

= x

k

� y

k

, for 0 � k < 4; U

2

0

= U

2

1

_ ( V

2

1

^ U

1

0

),

U

4

2

= U

4

3

_ ( V

4

3

^ U

3

2

), V

4

2

= V

3

2

^ V

4

3

; U

3

0

= U

3

2

_ ( V

3

2

^ U

2

0

), U

4

0

= U

4

2

_ ( V

4

2

^ U

2

0

);

z

0

= V

1

0

, z

1

= U

1

0

� V

2

1

, z

2

= U

2

0

� V

3

2

, z

3

= U

3

0

� V

4

3

, z

4

= U

4

0

. The total cost is 20,

and the maxim um depth is 5.

In general the cost will b e 2 n + 3 p

n

in the notation of exercise 36, b ecause w e need

2 n gates for the initial u 's and v 's, then 3 p

n

gates for the pre�x computation; the n � 1

additional gates needed to form z

j

for 0 < j < n are comp ensated b y the fact that w e

need not compute V

j

0

for 1 < j � n . Therefore the total cost is 14 � 2

m

� 3 F

m +5

+ 3,

clearly sup erior to the conditional-sum metho d (whic h has the same depth 2 m + 1):

n = 2 4 8 16 32 64 128 256 512 1024

cost of conditional-sum c hain 7 25 74 197 492 1179 2746 6265 14072 31223

cost of Ladner{Fisc her c hain 7 20 52 125 286 632 1363 2888 6040 12509

[George Bo ole in tro duced his Algebra in order to sho w that logic can b e understo o d

in terms of arithmetic. Ev en tually logic b ecame so w ell understo o d, the situation

w as rev ersed: P eople lik e Shannon and Zuse b egan in the 1930s to design circuits for

arithmetic in terms of logic, and since then man y approac hes to the problem of parallel

addition ha v e b een disco v ered. The �rst Bo olean c hains of cost O ( n ) and depth O (log n )

w ere devised b y Y u. P . Ofman, Doklady Ak ademii Nauk SSSR 145 (1962), 48{51. His

c hains w ere similar to the construction ab o v e, but the depth w as appro ximately 4 m .]

45. That argumen t w ould indeed b e simpler, but it w ouldn't b e strong enough to pro v e

the desired result. (Man y c hains with steps of fan-out 0 in
ate the simpler estimate.)

The text's p erm utation-enhanced pro of tec hnique w as in tro duced b y J. E. Sa v age in

his b o ok The Complexit y of Computing (New Y ork: Wiley , 1976), Theorem 3.4.1.
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46. When r = 2

n

=n + O (1) w e ha v e ln(2

2 r +1

( n + r � 1)

2 r

= ( r � 1)!) = r ln r + (1+ ln 4) r +

O ( n ) = (2

n

=n )( n ln 2 � ln n + 1 + ln 4) + O ( n ). So � ( n ) � ( n= (4 e ))

� 2

n

=n + O ( n= log n )

,

whic h approac hes zero quite rapidly indeed when n > 4 e .

(In fact, ( 32 ) giv es � (11) < 7 : 6 � 10

7

, � (12) < 4 : 2 � 10

� 6

, � (13) < 1 : 2 � 10

� 38

.)

47. Restrict p erm utations to the ( r � m )! cases where i� = i for 1 � i � n and

( n + r + 1 � k ) � is the k th output. Then w e get ( r � m )! c ( m; n; r ) � 2

2 r +1

( n + r � 1)

2 r

in

place of ( 32 ) . Hence, as in exercise 46, almost all suc h functions ha v e cost exceeding

2

n

m= ( n + lg m ) when m = O (2

n

=n

2

).

48. (a) Not surprisingly , this lo w er b ound on C ( n ) is rather crude when n is small:

n = 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

r ( n ) = 1 1 2 3 5 9 16 29 54 99 184 343 639 1196 2246 4229

(b) The b o otstrap metho d (see Concrete Mathematics x 9.4) yields

r ( n ) =

2

n

n

�

1 +

lg n � 2 � 1 = ln 2

n

+ O

�

log n

n

2

��

:

49. The n um b er of normal Bo olean functions that can b e represen ted b y a form ula of

length � r is at most 5

r

n

r +1

g

r

, where g

r

is the n um b er of orien ted binary trees with

r in ternal no des. Set r = 2

n

= lg n � 2

n +2

= (lg n )

2

in this form ula and divide b y 2

2

n

� 1

to get an upp er b ound on the fraction of functions with L ( f ) � r . The result rapidly

approac hes zero, b y exercise 2.3.4.4{7, b ecause it is O ((5 �= 16)

2

n

= lg n

) where � � 2 : 483.

[J. Riordan and C. E. Shannon obtained a similar lo w er b ound for series-parallel

switc hing net w orks in J. Math. and Ph ysics 21 (1942), 83{93; suc h net w orks are equiv a-

len t to form ulas in whic h only canalizing op erators are used. R. E. Kric hevsky obtained

more general results in Problem y Kib ernetiki 2 (1959), 123{138, and O. B. Lupano v

ga v e an asymptotically matc hing upp er b ound in Prob. Kib ernetiki 3 (1960), 61{80.]

50. (a) Using sub cub e notation as in exercise 7.1.1{30, the prime implican ts are

00001 � , (0001 � 1), 0100 � 1, 0111 � 1, 1010 � 1, 101 � 11, 00 � 011, 00 � 101, (01 � 111), 11 � 101,

(0 � 1101), (1 � 0101), 1 � 1011, 0 � 0 � 11, � 00101, ( � 01011), ( � 11101), where the paren the-

sized sub cub es are omitted in a shortest DNF . (b) Similarly , the prime clauses and a

shortest CNF are giv en b y 00111 � , 01010 � , 10110 � , 0110 � � , 00 � 00 � , 11 � 00 � , 11 � 11 � ,

(0 � 100 � ), (1 � 00 � � ), 1 � 0 � 1 � , (1 � �� � 0), � 0000 � , ( � 1100 � ), � 1 � �� 0, �� 1 � � 0, �� � 1 � 0, and

( ��� � 00). (Th us the CNF is ( x

1

_ x

2

_ �x

3

_ �x

4

_ �x

5

) ^ ( x

1

_ �x

2

_ x

3

_ �x

4

_ x

5

) ^ � � � ^ ( � x

4

_ x

6

).)

51. f = ( [ x

5

x

6

2 f 01 g ] ^ [ ( x

1

x

2

x

3

x

4

)

2

2 f 1 ; 3 ; 4 ; 7 ; 9 ; 10 ; 13 ; 15 g ] ) _ ( [ x

5

x

6

2 f 10 ; 11 g ] ^

[ x

1

x

2

x

3

x

4

= 0000 ] ) _ ( [ x

5

x

6

2 f 11 g ] ^ [ ( x

1

x

2

x

3

x

4

)

2

2 f 1 ; 2 ; 4 ; 5 ; 7 ; 10 ; 11 ; 14 g ] ) .

52. The small- n results are quite di�eren t from those that w ork asymptotically:

n k l ( 38 )

5 2 2 33

6 3 4 59

7 3 3 100

n k l ( 38 )

8 3 2 169

9 3 2 273

10 4 4 459

n k l ( 38 )

11 4 4 791

12 4 3 1320

13 5 6 2337

n k l ( 38 )

14 5 5 4030

15 5 5 7126

16 5 4 12419

(Optimizations lik e the fact that [ x

1

x

2

2 f 00 ; 01 g ] = �x

1

usually reduce the cost further.)

53. First note that 2

k

=l � n � 3 lg n , hence m

i

� n � 3 lg n + 1 and 2

m

i

= O (2

n

=n

3

).

Also l = O ( n ) and t ( n � k ) = O (2

n

=n

2

). So ( 38 ) reduces to l � 2

n � k

+ O (2

n

=n

2

) =

2

n

= ( n � 3 lg n ) + O (2

n

=n

2

).
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54. The greedy-fo otprin t heuristic giv es a c hain of length 15:

x

5

= x

1

� x

2

;

x

6

= x

2

� x

3

;

x

7

= x

1

^ �x

3

;

x

8

= x

4

^ �x

6

;

x

9

= x

4

^ �x

5

;

x

10

= x

4

� x

5

;

x

11

= x

7

_ x

10

;

x

12

= x

6

� x

11

;

x

13

= �x

10

^ x

12

;

f

1

= x

14

= x

6

^ �x

11

;

f

2

= x

15

= �x

5

^ x

8

;

f

3

= x

16

= x

4

^ �x

12

;

f

4

= x

17

= x

1

^ x

8

;

f

5

= x

18

= x

7

^ x

9

;

f

6

= x

19

= �x

3

^ x

13

:

The min term-�rst metho d corresp onds to a c hain of length 22, after w e remo v e steps

that are nev er used:

x

5

= �x

1

^ �x

2

;

x

6

= �x

1

^ x

2

;

x

7

= x

1

^ �x

2

;

x

8

= x

1

^ x

2

;

x

9

= �x

3

^ x

4

;

x

10

= x

3

^ �x

4

;

x

11

= x

3

^ x

4

;

x

12

= x

5

^ x

9

;

x

13

= x

5

^ x

10

;

x

14

= x

5

^ x

11

;

x

15

= x

6

^ x

9

;

x

16

= x

6

^ x

11

;

x

17

= x

7

^ x

9

;

x

18

= x

7

^ x

11

;

f

5

= x

19

= x

8

^ x

9

;

x

20

= x

8

^ x

11

;

f

6

= x

21

= x

15

_ x

18

;

f

1

= x

22

= x

13

_ x

21

;

f

2

= x

23

= x

12

_ x

20

;

x

24

= x

14

_ x

16

;

f

3

= x

25

= x

24

_ x

19

;

f

4

= x

26

= x

17

_ x

20

:

(The distributiv e la w could replace the computation of x

14

, x

16

, and x

24

b y t w o steps.)

Inciden tally , the three functions in the answ er to exercise 51 can b e computed in

only ten steps:

x

5

= x

2

_ x

4

;

x

6

= �x

1

^ x

5

;

x

7

= x

2

^ x

4

;

x

8

= x

3

^ �x

7

;

f

3

= x

9

= x

6

� x

8

;

x

10

= x

1

� x

8

;

�

f

2

= x

11

= x

9

_ x

10

;

x

12

= x

2

� x

3

;

x

13

= �x

10

^ x

12

;

f

1

= x

14

= x

4

� x

13

:

55. The optim um t w o-lev el DNF and CNF represen tations in answ er 50 cost 53 and 43,

resp ectiv ely . F orm ula ( 37 ) costs 30, when optimized as in exercise 54. The alternativ e

in exercise 51 costs only 17. But the catalog of optim um �v e-v ariable c hains suggests

x

7

= �x

1

^ x

2

;

x

8

= x

3

� x

7

;

x

9

= x

2

^ x

8

;

x

10

= x

1

� x

9

;

x

11

= x

5

^ x

10

;

x

12

= x

5

_ x

10

;

x

13

= x

4

^ �x

11

;

x

14

= x

7

^ x

12

;

x

15

= x

13

� x

14

;

x

16

= x

5

^ �x

10

;

x

17

= �x

3

^ x

16

;

x

18

= �x

4

^ x

17

;

x

19

= x

6

^ x

15

;

x

20

= x

18

_ x

19

;

for this six-v ariable function. Is there a b etter w a y?

56. If w e care ab out at most t w o v alues, the function can b e either constan t or x

j

or �x

j

.

57. The truth tables for x

5

through x

17

, in hexadecimal notation, are resp ectiv ely 0ff0 ,

2222 , 33cc , 0d0d , 7777 , 5d5d , 3ec1 , 6b94 , 4914 , 4804 , 060b , 2020 , 7007 . So w e get

1010 = ; 1011 = ; 1012 = ; 1013 = ; 1014 = ; 1015 = :

58. The truth tables of all cost-7 functions with exactly eigh t 1s in their truth tables

are equiv alen t to either 0779 , 169b , or 179a . Com bining these in all p ossible w a ys

yields 9656 solutions that are distinct under p erm utation and/or complemen tation of

f x

1

; x

2

; x

3

; x

4

g as w ell as under p erm utation and/or complemen tation of f f

1

; f

2

; f

3

; f

4

g .

48



7.1.2 ANSWERS TO EXER CISES 49

59. The greedy-fo otprin t heuristic pro duces the follo wing 17-step c hain:

x

5

= x

1

_ x

4

;

x

6

= x

1

� x

3

;

x

7

= x

2

� x

4

;

x

8

= �x

4

^ x

6

;

x

9

= x

3

� x

7

;

x

10

= x

2

_ x

3

;

x

11

= x

8

_ x

9

;

x

12

= x

1

� x

11

;

x

13

= x

5

^ �x

9

;

x

14

= x

5

^ x

12

;

x

15

= x

2

^ x

6

;

x

16

= x

2

^ �x

6

;

x

17

= �x

2

^ x

3

;

f

1

= x

18

= x

13

� x

15

;

f

2

= x

19

= x

11

^ �x

16

;

f

3

= x

20

= x

12

� x

17

;

f

4

= x

21

= x

10

^ �x

14

:

The initial functions all ha v e large fo otprin ts, so w e can't ac hiev e C ( f

1

f

2

f

3

f

4

) = 28;

but a sligh tly more di�cult S-b o x probably do es exist.

60. One w a y is u

1

= x

1

� y

1

, u

2

= x

2

� y

2

, v

1

= y

2

� u

1

, v

2

= y

1

� u

2

, z

1

= v

1

^ �u

2

,

z

2

= v

2

^ �u

1

.

61. Viewing these partial functions of six v ariables as 4 � 16 truth tables, with ro ws

go v erned b y x

1

y

1

, our kno wledge of 4-bit functions suggests go o d w a ys to compute the

ro ws and leads to the follo wing 25-step solution: t

1

= x

2

^ y

2

, t

2

= x

3

^ y

3

, t

3

= x

2

_ y

2

,

t

4

= x

3

_ y

3

, t

5

= t

1

� t

2

, t

6

= t

1

_ t

2

, t

7

= t

4

^

�

t

5

, t

8

= t

3

� t

6

, t

9

= x

2

� y

2

, t

10

= t

4

� t

9

,

t

11

= t

5

^

�

t

10

, t

12

= t

3

� t

4

, t

13

= x

1

_ y

1

, t

14

= t

8

� t

12

, t

15

= t

13

^

�

t

14

, t

16

= t

4

� t

7

,

t

17

= t

13

^

�

t

16

, t

18

= t

3

_ t

4

, t

19

= x

1

� y

1

, t

20

= t

19

^

�

t

18

, t

21

= t

8

� t

15

, t

22

= t

7

� t

17

,

z

1

= t

11

_ t

20

, z

2

= t

21

^

�

t

20

, z

3

= t

22

^

�

t

20

. (Is there a b etter w a y?)

62. There are

�

2

n

2

n

d

�

2

2

n

c

suc h functions, at most

�

2

n

2

n

d

�

t ( n; r ) of whic h ha v e cost � r .

So w e can argue as in exercise 46 to conclude from ( 32 ) that the fraction with cost

� r = b 2

n

c=n c is at most 2

2 r +1 � 2

n

c

( n + r � 1)

2 r

= ( r � 1)! = 2

� r lg n + O ( r )

.

63. [ Problem y Kib ernetiki 21 (1969), 215{226.] Put the truth table in a 2

k

� 2

n � k

arra y

as in Lupano v's metho d, and supp ose there are c

j

cares in column j , for 0 � j < 2

n � k

.

Break that column in to b c

j

=m c sub columns that eac h ha v e m cares, plus a p ossibly

empt y sub column at the b ottom that con tains few er than m of them. The hin t tells us

that at most 2

m + k

column v ectors su�ce to matc h the 0 s and 1s of ev ery sub column

that has a sp eci�ed top ro w i

0

and b ottom ro w i

1

. With O ( m 2

m +3 k

) op erations

w e can therefore construct O (2

m +3 k

) functions g

t

( x

1

; : : : ; x

k

) from the min terms of

f x

1

; : : : ; x

k

g , so that ev ery sub column matc hes some t yp e t . And for ev ery t yp e t w e can

construct functions h

t

( x

k +1

; : : : ; x

n

) from the min terms of f x

k +1

; : : : ; x

n

g , sp ecifying

the columns that matc h t ; the cost is at most

P

j

( b c

j

=m c + 1) � 2

n

c=m + 2

n � k

.

Finally , f =

W

t

( g

t

^ h

t

) requires O (2

m +3 k

) additional steps. Cho osing k = b 2 lg n c and

m = d n � 9 lg n e mak es the total cost at most (2

n

c=n )(1 + 9 n

� 1

lg n + O ( n

� 1

)).

Of course w e need to pro v e the hin t, whic h is due to E. I. Nec hip oruk [ Doklady

Ak ad. Nauk SSSR 163 (1965), 40{42]. In fact, 2

m

(1 + d k ln 2 e ) v ectors su�ce (see S. K.

Stein, J. Com binatorial Theory A16 (1974), 391{397): If w e c ho ose q = 2

m

d k ln 2 e

v ectors at random, not necessarily distinct, the exp ected n um b er of un touc hed sub cub es

is

�

k

m

�

2

m

(1 � 2

� m

)

q

<

�

k

m

�

2

m

e

� q 2

� m

< 2

m

. (An explicit construction w ould b e nicer.)

F or extensiv e generalizations | tolerating a p ercen tage of errors and sp ecifying the

densit y of 1s | see N. Pipp enger, Mathematical Systems Theory 10 (1977), 129{167.

64. It's exactly the game of tic-tac-to e, if w e n um b er the cells

6 1 8

7 5 3

2 9 4

as in an ancien t Chi-

nese magic square. [Berlek amp, Con w a y , and Guy use this n um b ering sc heme to presen t

a complete analysis of tic-tac-to e in their b o ok Winning W a ys 3 (2003), 732{736.]

65. One solution is to replace the \defending" mo v es d

j

b y \attac king" mo v es a

j

and

\coun terattac king" mo v es c

j

, and to include them only for corner cells j 2 f 1 ; 3 ; 9 ; 7 g .
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Let j � k = ( j k ) mo d 10; then

j � 1 j � 2 j � 3

j � 4 j � 5 j � 6

j � 7 j � 8 j � 9

giv es us another w a y to lo ok at the tic-tac-to e diagram, when j is a corner, b ecause

j ? 10. The precise de�nition of a

j

and c

j

is then

a

j

= m

j

^ ( ( x

j � 3

^ �

( j � 8)( j � 9)

^ ( o

j � 4

� o

j � 6

) ) _ ( x

j � 7

^ �

( j � 6)( j � 9)

^ ( o

j � 2

� o

j � 8

) )

_ ( m

j � 9

^ ( ( m

j � 8

^ x

j � 2

^ ( o

j � 3

� o

j � 6

)) _ ( m

j � 6

^ x

j � 4

^ ( o

j � 7

� o

j � 8

)) ) )) ;

c

j

= d

j

^ ( x

j � 6

^ o

j � 7

) ^ ( x

j � 8

^ o

j � 3

) ^

�

d

j � 9

;

here d

j

= m

j

^ �

( j � 2)( j � 3)

^ �

( j � 4)( j � 7)

tak es the place of ( 51 ) . W e also de�ne

u = ( x

1

� x

3

) � ( x

7

� x

9

) ;

v = ( o

1

� o

3

) � ( o

7

� o

9

) ;

t = m

2

^ m

6

^ m

8

^ m

4

^ ( u _ �v ) ;

z

j

=

8

>

<

>

:

m

j

^

�

t ; if j = 5,

m

j

^

�

d

j � 9

; if j 2 f 1 ; 3 ; 9 ; 7 g ,

m

j

; if j 2 f 2 ; 6 ; 8 ; 4 g ,

in order to co v er a few more exceptional cases. Finally the sequence of rank-ordered

mo v es d

5

d

1

d

3

d

9

d

7

d

2

d

6

d

8

d

4

m

5

m

1

m

3

m

9

m

7

m

2

m

6

m

8

m

4

in ( 53 ) is replaced b y the se-

quence a

1

a

3

a

9

a

7

c

1

c

3

c

9

c

7

z

5

z

1

z

3

z

9

z

7

z

2

z

6

z

8

z

4

; and w e replace ( d

j

^

�

d

0

j

) _ ( m

j

^ � �m

0

j

) in ( 55 )

b y ( a

j

^ �a

0

j

) _ ( c

j

^ �c

0

j

) _ ( z

j

^ �z

0

j

) when j is a corner cell, otherwise simply b y ( z

j

^ �z

0

j

).

(Notice that this mac hine is required to mo v e correctly from al l legal p ositions,

ev en when those p ositions couldn't arise after the mac hine had made X 's earlier mo v es.

W e essen tially allo w h umans to pla y the game un til they ask the mac hine for advice.

Otherwise great simpli�cations w ould b e p ossible. F or example, if X alw a ys go es �rst,

it could grab the cen ter cell and eliminate a h uge n um b er of future p ossibilities; few er

than 8 � 6 � 4 � 2 = 384 games could arise. Ev en if O go es �rst, there are few er than

9 � 7 � 5 � 3 = 945 p ossible scenarios against a �xed strategy . In fact, the actual

n um b er of di�eren t games with the strategy de�ned here turns out to b e 76 + 457, of

whic h 72 + 328 are w on b y the mac hine and the rest b elong to the cat.)

66. The Bo olean c hain in the previous answ er ful�lls its mission of making correct

mo v es from all 4520 legal p ositions, where correctness w as essen tially de�ned to mean

that the w orst-case �nal outcome is maximized. But a truly great tic-tac-to e pla y er

w ould do things di�eren tly . F or example, from p osition

O

X

the mac hine tak es the

cen ter,

O

X

X

, and O probably dra ws b y pla ying in a corner. But mo ving to

O

X

X

w ould giv e

O only t w o c hances to a v oid defeat. [See Martin Gardner, Hexa
exagons and Other

Mathematical Div ersions , Chapter 4.]

F urthermore the b est mo v e from a p osition lik e

X

O X

O

is to

X X

O X

O

instead of winning

immediately; then if the reply is

X X O

O X

O

, mo v e to

X X O

O X X

O

. That w a y y ou still win, but without

h umiliating y our opp onen t so badly .

Finally , ev en the concept of a single \b est mo v e" is 
a w ed, b ecause a go o d pla y er

will c ho ose di�eren t mo v es in di�eren t games (as Babbage observ ed).

It might b e thought that p rograming a digital computer to pla y ticktackto e,

o r designing sp ecial circuits fo r a ticktackto e machine,

w ould b e simple. This is true unless y our aim is to construct a master rob ot

that will win the maximum numb er of games against inexp erienced pla y ers.

| MARTIN GARDNER, The Scienti�c American Bo ok of

Mathematical Puzzles & Diversions (1959)
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67. The author's b est e�ort, with 1734 gates, w as constructed b y adapting the metho d

of Sholomo v in answ er 63: First divide the truth tables in to 64 ro ws for o

5

x

5

o

2

o

6

o

8

o

4

and 4096 columns for the other 12 input v ariables. Then place appropriate 1s in to

\care" p ositions, in suc h a w a y that the columns ha v e relativ ely few 1s. Then �nd a

small n um b er of column t yp es that matc h the cares in all columns; 23 t yp es su�ce

for the c function, 20 t yp es for s , and 6 for m . W e can then compute eac h output as

W

( g

t

^ h

t

), sharing m uc h of the w ork of the min term calculations within g

t

and h

t

.

[This exercise w as inspired b y a discussion in John W ak erly's b o ok Digital Design

(Pren tice{Hall, 3rd edition, 2000), x 6.2.7. Inciden tally , Babbage planned to c ho ose

among k p ossible mo v es b y lo oking at N mo d k , where N w as the n um b er of games w on

so far; he didn't realize that successiv e mo v es w ould tend to b e highly correlated un til N

c hanged. Muc h b etter w ould ha v e b een to let N b e the n um b er of moves made so far.]

68. No. That metho d yields a \uniform" c hain with a comprehensible structure, but its

cost is 2

n

times a p olynomial in n . A circuit with appro ximately 2

n

=n gates, constructed

b y Theorem L, exists but is more di�cult to fabricate. (Inciden tally , C ( �

5

) = 10.)

69. (a) One can, for example, v erify this result b y trying all 64 cases.

(b) If x

m

lies in the same ro w or column as x

i

, and also in the same ro w or column

as x

j

, w e ha v e �

111

= �

101

= �

110

= 0, so the pairs are go o d. Otherwise there are

essen tially three di�eren t p ossibilities, all bad: If ( i; j; m ) = (1 ; 2 ; 4) then �

101

= 0,

�

100

= x

5

x

9

� x

6

x

8

, �

011

= x

9

; if ( i; j; m ) = (1 ; 2 ; 6) then �

010

= x

4

x

9

, �

011

= x

7

,

�

100

= x

5

x

9

, �

101

= x

8

; if ( i; j; m ) = (1 ; 5 ; 9) then �

111

= 1, �

110

= 0, �

010

= x

3

x

7

.

70. (a) x

1

^ (( x

5

^ x

9

) � ( x

6

^ x

8

)) � x

2

^ (( x

6

^ x

7

) � ( x

4

^ x

9

)) � x

3

^ (( x

4

^ x

8

) � ( x

5

^ x

7

)).

(b) x

1

^ (( x

5

^ x

9

) _ ( x

6

^ x

8

)) _ x

2

^ (( x

6

^ x

7

) _ ( x

4

^ x

9

)) _ x

3

^ (( x

4

^ x

8

) _ ( x

5

^ x

7

)).

(c) Let y

1

= x

1

^ x

5

^ x

9

, y

2

= x

1

^ x

6

^ x

8

, y

3

= x

2

^ x

6

^ x

7

, y

4

= x

2

^ x

4

^ x

9

, y

5

=

x

3

^ x

4

^ x

8

, y

6

= x

3

^ x

5

^ x

7

. The function f ( y

1

; : : : ; y

6

) = [ y

1

+ y

2

+ y

3

> y

4

+ y

5

+ y

6

]

can b e ev aluated in 15 further steps with t w o full adders and a comparator; but there is

a 14-step solution: Let z

1

= ( y

1

� y

2

) � y

3

, z

2

= ( y

1

� y

2

) _ ( y

1

� y

3

), z

3

= ( y

4

� y

5

) � y

6

,

z

4

= ( y

4

� y

5

) _ ( y

4

� y

6

). Then f = ( z

1

� ( z

2

^ ( � z

4

� ( z

1

_ z

3

)))) ^ ( � z

3

_ z

4

). F urthermore

y

1

y

2

y

3

= 111 ( ) y

4

y

5

y

6

= 111; so there are don't-cares, leading to an 11-step solution:

f = (( � z

1

^ z

3

) _ �z

4

) ^ z

2

. The total cost is 12 + 11 = 23.

(The author kno ws of no w a y b y whic h a computer could disco v er suc h an e�cien t

c hain in a reasonable amoun t of time, giv en only the truth table of f . But p erhaps an

ev en b etter c hain exists.)

71. (a) P ( p ) = 1 � 12 p

2

+ 24 p

3

+ 12 p

4

� 96 p

5

+ 144 p

6

� 96 p

7

+ 24 p

8

, whic h is

11

32

+

9

2

�

2

� 3 �

4

� 24 �

6

+ 24 �

8

when p =

1

2

+ � .

(b) There are N = 2

n � 3

sets of eigh t v alues ( f

0

; : : : ; f

7

), eac h of whic h yields go o d

pairs with probabilit y P ( p ). So the answ er is 1 � P ( p )

N

.

(c) The probabilit y is

�

N

r

�

P ( p )

r

(1 � P ( p ))

N � r

that exactly r sets succeed; and in

suc h a case t trials will �nd go o d pairs with probabilit y ( r = N )

t

. The answ er is therefore

1 �

P

N

r =0

�

N

r

�

P ( p )

r

(1 � P ( p ))

N � r

( r = N )

t

= 1 � P ( p )

t

+ O ( t

2

= N ).

(d)

P

N

r =0

�

N

r

�

P ( p )

r

(1 � P ( p ))

N � r

P

t � 1

j =0

( r = N )

j

= (1 � P ( p )

t

) = (1 � P ( p )) + O ( t

3

= N ).

72. The probabilit y in exercise 71(a) b ecomes P ( p ) + (72 p

3

� 264 p

4

+ 432 p

5

� 336 p

6

+

96 p

7

) r + (60 p

2

� 240 p

3

+ 456 p

4

� 432 p

5

+ 144 p

6

) r

2

+ ( � 48 p

2

+ 144 p

3

� 216 p

4

+ 96 p

5

) r

3

+

( � 36 p

2

+ 24 p

3

+ 12 p

4

) r

4

+ (48 p

2

� 24 p

3

) r

5

� 12 p

2

r

6

. If p = q = (1 � r ) = 2, this is

(11 + 48 r + 36 r

2

� 144 r

3

� 30 r

4

+ 336 r

5

� 348 r

6

+ 144 r

7

� 21 r

8

) = 32; for example, it's

7739 = 8192 � 0 : 94 when r = 1 = 2.
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73. Consider the Horn clauses 1 ^ 2 ) 3, 1 ^ 3 ) 4, : : : , 1 ^ ( n � 1) ) n , 1 ^ n ) 2, and

i ^ j ) 1 for 1 < i < j � n . Supp ose j Z j > 1 in a decomp osition, and let i b e minim um

suc h that x

i

2 Z . Also let j b e minim um suc h that j > i and x

j

2 Z . W e cannot ha v e

i > 1, since i ^ j ) 1 in that case. Th us i = 1, and x

j

2 Z for 2 � j � n .

74. Supp ose w e kno w that no non trivial decomp osition exists with x

1

2 Z or � � � or

x

i � 1

2 Z ; initially i = 1. W e hop e to rule out x

i

2 Z to o, b y c ho osing j and m

clev erly . The Horn clauses i ^ j ) m reduce to Krom clauses j ) m when i is asserted.

So w e essen tially w an t to use T arjan's depth-�rst searc h for strong comp onen ts, in a

digraph with arcs j ) m that ma y or ma y not exist.

When exploring from v ertex j , �rst try m = 1, : : : , m = i � 1; if an y suc h

implication i ^ j ) m succeeds, w e can eliminate j and all its predecessors from the

digraph for i . Otherwise, test if j ) m for an y suc h eliminated v ertex m . Otherwise

test unexplored v ertices m . Otherwise try v ertices m that ha v e already b een seen,

fa v oring those near the ro ot of the depth-�rst tree.

In the example f ( x ) = (det X ) mo d 2, w e w ould successiv ely �nd 1 ^ 2 6) 3, 1 ^ 2 ) 4,

1 ^ 4 ) 3, 1 ^ 3 ) 5, 1 ^ 5 ) 6, 1 ^ 6 ) 7, 1 ^ 7 ) 8, 1 ^ 8 ) 9, 1 ^ 9 ) 2 (no w i  2); 2 ^ 3 6) 1,

2 ^ 3 ) 4, 2 ^ 4 6) 1, 2 ^ 4 6) 5, 2 ^ 4 ) 6, 2 ^ 6 ) 1 (no w 3, 4, and 6 are eliminated from

the digraph for 2), 2 ^ 5 ) 1 (and 5 is eliminated), 2 ^ 7 6) 1, 2 ^ 7 ) 3 (7 is eliminated),

2 ^ 8 ) 1, 2 ^ 9 ) 1 (no w i  3); 3 ^ 4 6) 1, 3 ^ 4 ) 2, 3 ^ 5 ) 1, etc.

75. This function is 1 at only t w o p oin ts, whic h are complemen tary . So it is inde-

comp osable; y et the pairs ( 58 ) are never bad when n > 3. Ev ery partition ( Y ; Z ) will

therefore b e a candidate for decomp osition.

Similarly , if f is decomp osable with resp ect to ( Y ; Z ), the indecomp osable func-

tion f ( x ) � S

0 n

( x ) will act essen tially lik e f in the tests. (A metho d to deal with

appr oximately de c omp osable functions should probably b e pro vided in a general-purp ose

decomp osabilit y tester.)

76. (a) Let a

l

= [ i � l ] for 0 � l � 2

m

. The cost is � 2 t ( m ), as observ ed in answ er

38(b); and in fact, the cost can b e reduced to 2

m +1

� 2 m � 2 with �( m ) depth.

F urthermore the function [ i � j ] = ( � {

1

^ j

1

) _ (( i

1

�

j

1

) ^ [ i

2

: : : i

m

� j

2

: : : j

m

]) can b e

ev aluated with 4 m � 3 gates. After computing x � y , eac h z

l

costs 2

m +1

+ 1 = O ( n= log n ).

(b) Here the cost is at most C ( g

0

) + � � � + C ( g

2

m

) � (2

m

+ 1)(2

2

m

= (2

m

+ O ( m )))

b y Theorem L, b ecause eac h g

l

is a function of 2

m

inputs.

(c) If i � j w e ha v e z

l

= x for l � i and z

l

= y for l > i ; hence f

i

( x ) = c

0

� � � � � c

i

and f

j

( y ) = c

j +1

� � � � � c

2

m

. If i > j w e ha v e z

l

= y for l � i and z

l

= x for l > i ;

hence f

j

( y ) = c

0

� � � � � c

j

and f

i

( x ) = c

i +1

� � � � � c

2

m

.

(d) The functions b

l

= [ j < l ] can b e computed for 0 � l � 2

m

in O (2

m

) steps, as

in (a). So w e can compute F from ( c

0

; : : : ; c

2

m

) with O (2

m

) further gates. Step (b)

therefore dominates the cost, for large m .

(e) a

0

= 1, a

1

= i , a

2

= 0; b

0

= 0, b

1

= j , b

2

= 1; d = [ i � j ] = � { _ j ; m

l

= a

l

� d ,

z

l 0

= x

0

� ( m

l

^ ( x

0

� y

0

)), z

l 1

= x

1

� ( m

l

^ ( x

1

� y

1

)), for l = 0 ; 1 ; 2; c

0

= z

01

;

c

1

= z

10

^ �z

11

; c

2

= z

20

_ z

21

; c

0

l

= c

l

^ ( d

�

a

l

), c

00

l

= c

l

^ ( d

�

b

l

), for l = 0 ; 1 ; 2; and

�nally F = ( c

0

0

� c

0

1

� c

0

2

) _ ( c

00

0

� c

00

1

� c

00

2

).

The net cost (29 after ob vious simpli�cations) is, of course, outrageous in suc h

a small example. But one w onders if a state-of-the-art automatic optimizer w ould b e

able to reduce this c hain to just 5 gates.

[This result is a sp ecial case of more general theorems in Matematic heskie Zametki

15 (1974), 937{944; London Math. So c. Lecture Note Series 169 (1992), 165{173.]
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77. Giv en a shortest suc h c hain for f

n

or

�

f

n

, let U

l

= f i j l = j ( i ) or l = k ( i ) g b e the

\uses" of x

l

, and let u

l

= j U

l

j . Let t

i

= 1 if x

i

= x

j ( i )

_ x

k ( i )

, otherwise t

i

= 0. W e will

sho w that there's a c hain of length � r � 4 that computes either f

n � 1

or

�

f

n � 1

, b y using

the follo wing idea: If v ariable x

m

is set to 0 or 1, for an y m , w e can obtain a c hain

for f

n � 1

or

�

f

n � 1

b y deleting all steps of U

m

and mo difying other steps appropriately .

F urthermore, if x

i

= x

j ( i )

� x

k ( i )

and if either x

j ( i )

or x

k ( i )

is kno wn to equal t

i

when

x

m

has b een set to 0 or 1, then w e can also delete the steps U

i

. (Throughout this

argumen t, the letter m will stand for an index in the range 1 � m � n .)

Case 1, u

m

= 1 for some m . This case cannot o ccur in a shortest c hain. F or if the

only use of x

m

is x

i

= �x

m

, eliminating this step w ould c hange f

n

$

�

f

n

; and otherwise

w e could set the v alues of x

1

, : : : , x

m � 1

, x

m +1

, : : : , x

n

to mak e x

i

indep enden t of x

m

,

con tradicting x

n + r

= f

n

or

�

f

n

. Th us ev ery v ariable m ust b e used at least t wice.

Case 2, x

l

= �x

m

for some l and m , where u

m

> 1. Then x

i

= x

l

� x

k

for some i

and k , and w e can set x

m

 

�

t

i

to mak e x

i

indep enden t of x

k

. Eliminating steps U

m

,

U

l

, and U

i

then remo v es at least 4 steps, except when u

l

= u

i

= 1 and u

m

= 2 and

x

j

= x

m

� x

i

; but in that case w e can also eliminate U

j

.

Case 3, u

m

� 3 for some m , and not Case 2. If i; j; k 2 U

m

and i < j < k , set

x

m

 t

k

and remo v e steps i , j , k , U

k

.

Case 4, u

1

= u = 2 = � � � = u

n

= 2, and not Case 2. W e ma y assume that the

�rst step is x

1

= x

1

� x

2

, and that x

l

= x

1

� x

k

for some k < l .

Case 4.1, k > 0. Then k > 1. If u

k

= 1, set x

1

 t

l

and remo v e steps 1, k , l , U

l

.

Otherwise set x

2

 t

1

; this forces x

k

=

�

t

l

, and w e can remo v e steps 1, k , l , U

k

.

Case 4.2, x

l

= x

1

� x

m

. Then w e m ust ha v e m = 2; for if m > 2 w e could

set x

2

 t

1

, x

m

 t

l

, and mak e x

r

indep enden t of x

1

. Hence w e ma y assume that

x

1

= x

1

^ x

2

, x

2

= x

1

_ x

2

. Setting x

1

 0 allo ws us to remo v e U

0

and U

1

; setting

x

1

 1 allo ws us to remo v e U

0

and U

2

. Th us w e're done unless u

1

= u

2

= 1.

If x

p

= �x

1

, set x

1

 0 and remo v e 1, 2, p , U

p

; if x

q

= �x

2

, set x

1

 1 and remo v e 1,

2, q , U

q

. Otherwise x

p

= x

1

� x

u

and x

q

= x

2

� x

v

, where x

u

and x

v

do not dep end on

x

1

or x

2

. But that's imp ossible; it w ould allo w us to set x

3

, : : : , x

n

to mak e x

u

= t

p

,

then x

2

 1 to mak e x

r

indep enden t of x

1

.

[ Problem y Kib ernetiki 23 (1970), 83{101; 28 (1974), 4. With similar pro ofs,

Red'kin sho w ed that the shortest AND - OR - NOT c hains for the functions ` x

1

: : : x

n

<

y

1

: : : y

n

' and ` x

1

: : : x

n

= y

1

: : : y

n

' ha v e lengths 5 n � 3 and 5 n � 1, resp ectiv ely .]

78. [ SICOMP 6 (1977), 427{430.] Sa y that y

k

is active if k 2 S . W e ma y assume that

the c hain is normal and that k S k > 1; the pro of is lik e Red'kin's in answ er 77:

Case 1, some activ e y

k

is used more than once. Setting y

k

 0 sa v es at least t w o

steps and yields a c hain for a function with k S k � 1 activ e v alues.

Case 2, some activ e y

k

app ears only in an AND gate. Setting y

k

 0 eliminates at

least t w o steps, unless this AND is the �nal step. But it can't b e the �nal step, b ecause

y

k

= 0 mak es the result indep enden t of ev ery other activ e y

j

.

Case 3, lik e Case 2 but with an OR or NOT-BUT or BUT-NOT gate. Setting y

k

 c

for some appropriate constan t c has the desired e�ect.

Case 4, lik e Case 2 but with X OR . The gate can't b e �nal, since the result should

b e indep enden t of y

k

when ( x

1

: : : x

m

)

2

addresses a di�eren t activ e v alue y

j

. So w e can

eliminate t w o steps b y setting y

k

to the function de�ned b y the other input to X OR .

79. (a) Supp ose the cost is r < 2 n � 2; then n > 1. If eac h v ariable is used exactly

once, t w o lea v es m ust b e mates. Therefore some v ariable is used at least t wice. Pruning

it a w a y pro duces a c hain of cost � r � 2 on n � 1 v ariables, ha ving no mates.
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(Inciden tally , the cost is at least 2 n � 1 if ev ery v ariable is used at least t wice,

b ecause at least 2 n uses of v ariables m ust b e connected together in the c hain.)

(b) Notice that S

0 n

=

V

u � � v

( u

�

v ) whenev er the edges u � � � v form a free tree on

f x

1

; : : : ; x

n

g . So there are man y w a ys to ac hiev e cost 2 n � 3.

An y c hain of cost r < 2 n � 3 m ust ha v e n > 2 and m ust con tain mates u and v . By

renaming and p ossibly complemen ting in termediate results, w e can assume that u = 1,

v = 2, and that f ( x

1

; : : : ; x

n

) = g ( x

1

� h ( x

3

; : : : ; x

n

) ; x

2

; : : : ; x

n

), where � is ^ or � .

Case 1, � is AND . W e m ust ha v e h (0 ; : : : ; 0) = h (1 ; : : : ; 1) = 1, for otherwise

f ( x

1

; x

2

; y ; : : : ; y ) w ouldn't dep end on x

1

. Therefore f ( x

1

; : : : ; x

n

) = h ( x

3

; : : : ; x

n

) ^

g ( x

1

; x

2

; : : : ; x

n

) can b e computed b y a c hain of the same cost in whic h 1 and 2 are

mates and in whic h the path b et w een them has gotten shorter.

Case 2, � is X OR . Then f = f

0

_ f

1

, where f

0

( x

1

; : : : ; x

n

) = ( x

1

�

h ( x

3

; : : : ; x

n

)) ^

g (0 ; x

2

; : : : ; x

n

) and f

1

( x

1

; : : : ; x

n

) = ( x

1

� h ( x

3

; : : : ; x

n

)) ^ g (1 ; x

2

; : : : ; x

n

). But f =

S

0 n

has only t w o prime implican ts; so there are only four p ossibilities:

Case 2a, f

0

= f . Then w e can replace x

1

� h b y 0, to get a c hain of cost � r � 2

for the function g (0 ; x

2

; : : : ; x

n

) = S

0( n � 1)

( x

2

; : : : ; x

n

).

Case 2b, f

1

= f , is similar to Case 2a.

Case 2c, f

0

( x ) = x

1

^ � � � ^ x

n

and f

1

( x ) = �x

1

^ � � � ^ �x

n

. In this case w e m ust ha v e

g (0 ; x

2

; : : : ; x

n

) = x

2

^ � � � ^ x

n

and g (1 ; x

2

; : : : ; x

n

) = �x

2

^ � � � ^ �x

n

. Replacing h b y 1

therefore yields a c hain that computes f in < r steps.

Case 2d, f

0

( x ) = �x

1

^ � � � ^ �x

n

and f

1

( x ) = x

1

^ � � � ^ x

n

, is similar to Case 2c.

Applying these reductions rep eatedly will lead to a con tradiction. Similarly , one

can sho w that C ( S

0

S

n

) = 2 n � 2. [ Theoretical Computer Science 1 (1976), 289{295.]

80. [ Mathematical Systems Theory 10 (1977), 323{336.] Without loss of generalit y ,

a

0

= 0 and the c hain is normal. De�ne U

l

and u

l

as in answ er 77. W e ma y assume b y

symmetry that u

1

= max ( u

1

; : : : ; u

n

).

W e m ust ha v e u

1

� 2. F or if u

1

= 1, w e could assume further that x

n +1

= x

1

� x

2

;

hence t w o of the three functions S

�

(0 ; 0 ; x

3

; : : : ; x

n

) = S

�

00

, S

�

(0 ; 1 ; x

3

; : : : ; x

n

) = S

0

�

0

,

S

�

(1 ; 1 ; x

3

; : : : ; x

n

) = S

00

�

w ould b e equal. But then S

�

w ould b e a parit y function, or

S

0

�

0

w ould b e constan t.

Therefore setting x

1

= 0 allo ws us to eliminate the gates of U

1

, giving a c hain for

S

�

0

with at least 2 few er gates. It follo ws that C ( S

�

) � C ( S

�

0

) + 2. Similarly , setting

x

1

= 1 pro v es that C ( S

�

) � C ( S

0

�

) + 2.

Three cases arise when w e explore the situation further:

Case 1, u

1

� 3. Setting x

1

= 0 pro v es that C ( S

�

) � C ( S

�

0

) + 3.

Case 2, U

1

= f i; j g and op erator �

j

is canalizing (namely , AND , BUT-NOT , NOT-

BUT , or OR ). Setting x

1

to an appropriate constan t forces the v alue of x

j

and allo ws

us to eliminate U

1

[ U

j

; notice that i =2 U

j

in an optim um c hain. So either C ( S

�

) �

C ( S

�

0

) + 3 or C ( S

�

) � C ( S

0

�

) + 3.

Case 3, U

1

= f i; j g and �

i

= �

j

= � . W e ma y assume that x

i

= x

1

� x

2

and

x

j

= x

1

� x

k

. If u

j

= 1 and x

l

= x

j

� x

p

, w e can restructure the c hain b y letting

x

j

= x

k

� x

p

, x

l

= x

1

� x

j

; therefore w e can assume that either u

j

6= 1 or x

l

= x

j

� x

p

for

some canalizing op erator � . If U

2

= f i; j

0

g , w e can assume similarly that x

j

0

= x

2

� x

k

0

and that either u

j

0

= 1 or x

l

0

= x

j

0

�

0

x

p

0

for some canalizing op erator �

0

. F urthermore

w e can assume b y symmetry that x

j

do es not dep end on x

j

0

.

If x

k

do es not dep end on x

i

, let f ( x

3

; : : : ; x

n

) = x

k

; otherwise let f ( x

3

; : : : ; x

n

) b e

the v alue of x

k

when x

i

= 1. By setting x

1

= f ( x

3

; : : : ; x

n

) and x

2

=

�

f ( x

3

; : : : ; x

n

),

or vice v ersa, w e mak e x

i

and x

j

constan t, and w e obtain a c hain for the nonconstan t
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function S

0

�

0

. W e can, in fact, ensure that x

l

is constan t in the case u

j

= 1. W e claim

that at least �v e gates of this c hain (including x

i

and x

j

) can b e eliminated; hence

C ( S

�

) � C ( S

0

�

0

) + 5. The claim is clearly true if j U

i

[ U

j

j � 3.

W e m ust ha v e j U

i

[ U

j

j > 1. Otherwise w e'd ha v e p = i , and x

k

w ould not dep end

on x

i

, so S

�

w ould b e indep enden t of x

1

with our c hoice of x

2

. Therefore j U

i

[ U

j

j = 2.

Case 3a, U

j

= f l g . Then x

l

is constan t; w e can eliminate x

i

, x

j

, and U

i

[ U

j

[ U

l

.

If the latter set con tains only t w o elemen ts, then x

q

= x

i

� x

l

is also constan t and w e

eliminate U

q

. Since S

0

�

0

isn't constan t, w e w on't eliminate the output gate.

Case 3b, U

i

� U

j

, j U

j

j = 2. Then x

q

= x

i

� x

j

for some q ; w e can eliminate x

i

, x

j

,

and U

j

[ U

q

. The claim has b een pro v ed.

(b) By induction, C ( S

k

) � 2 n + min ( k ; n � k ) � 3 � [ n = 2 k ], for 0 < k < n ;

C ( S

� k

) � 2 n + min ( k ; n + 1 � k ) � 4, for 1 < k < n . The easy cases are C ( S

0

) =

C ( S

n

) = C ( S

� 1

) = C ( S

� n

) = n � 1; C ( S

� 0

) = 0. (According to Figs. 4 and 5, these

b ounds are optim um for k = d n= 2 e when n � 5. All kno wn results are consisten t with

the conjecture that C ( S

k

) = C ( S

� k

) for k � n= 2.)

81. If some v ariable is used more than once, w e can set it to a constan t, decreasing n

b y 1 and decreasing c b y � 2. Otherwise the �rst op eration m ust in v olv e x

1

, b ecause

y

1

= x

1

is the only output that do esn't need computation; making x

1

constan t decreases

n b y 1, c b y � 1, and d b y � 1. [ J. Algorithms 7 (1986), 185{201.]

82. ( 62 ) is false.

( 63 ) reads, \F or all n um b ers m there's a n um b er n suc h that m < n + 1 "; it is

true b ecause w e can tak e m = n .

( 64 ) fails when n = 0 or n = 1, b ecause the n um b ers in these form ulas are required

to b e nonnegativ e in tegers.

( 65 ) sa ys that, if b exceeds a b y 2 or more, there's a n um b er ab b et w een them. Of

course it's true, b ecause w e can let ab = a + 1.

( 66 ) w as explained in the text, and it to o is true. Notice that ` ^ ' tak es precedence

o v er ` _ ' and `

�

' tak es precedence o v er ` , ', just as `+' tak es precedence o v er ` � ' and

` < ' o v er ` ^ ' in ( 65 ) ; these con v en tions reduce the need for paren theses in sen tences of L .

( 67 ) sa ys that, if A con tains at least one elemen t n , it m ust con tain a minim um

elemen t m (an elemen t that's less than or equal to all of its elemen ts). T rue.

( 68 ) is similar, but m is no w a maxim um elemen t. Again true, b ecause all sets are

assumed to b e �nite.

( 69 ) asks for a set P with the prop ert y that [ 0 2 P ] = [ 3 =2 P ], [ 1 2 P ] = [ 4 =2 P ],

: : : , [ 999 2 P ] = [ 1002 =2 P ], [ 1000 2 P ] 6= [ 1003 =2 P ], [ 1001 2 P ] 6= [ 1004 =2 P ], etc. It's

true if (and only if ) P = f x j x mo d 6 2 f 1 ; 2 ; 3 g and 0 � x < 1000 g .

Finally , the subform ula 8 n ( n 2 C , n + 1 =2 C ) in ( 70 ) is another w a y of sa ying

that C = ; . Hence the paren thesized form ula after 8 A 8 B is a tric ky w a y to sa y that

A = ; and B 6= ; . (Sto c kmey er and Mey er used this tric k to abbreviate statemen ts

in L that in v olv e long subform ulas more than once.) Statemen t ( 70 ) is true b ecause an

empt y set do esn't equal a nonempt y set.

83. W e can assume that the c hain is normal. Let the canalizing steps b e y

1

, : : : , y

p

.

Then y

k

= �

k

� �

k

and f = �

p +1

, where �

k

and �

k

are � 's of some subsets of

f x

1

; : : : ; x

n

; y

1

; : : : ; y

k � 1

g ; at most n + k � 2 � 's are needed to compute them, com bining

common terms �rst. Hence C ( f ) � p +

P

p +1

k =1

( n + k � 2) = ( p + 1)( n + p= 2) � 1.

84. Argue as in the previous answ er, with _ or ^ in place of � . [N. Alon and R. B.

Boppana, Com binatorica 7 (1987), 15{16.]
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85. (a) A simple computer program sho ws that 13744 are legitimate and 19024 aren't.

(An illegitimate family of this kind has at least 8 mem b ers; one suc h is f 00 ; 0f ; 33 ; 55 ;

ff ; 15 ; 3f ; 77 g . Indeed, if the functions x

1

_ x

2

( 3f ), x

2

_ x

3

( 77 ), and x

1

^ ( x

2

_ x

3

) ( 15 )

are presen t in a legitimate family L , then x

2

t 15 = 33 j 15 = 37 m ust also b e in L .)

(b) The pro jection and constan t functions are ob viously presen t. De�ne A

�

=

T

f B j B � A and B 2 Ag , or A

�

= 1 if no suc h set B exists. Then w e ha v e

d A e u d B e = d A \ B e and d A e t d B e = d ( A [ B )

�

e .

(c) Abbreviate the form ulas as ^x

l

� x

l

_

W

l

i = n +1

�

i

, x

l

� ^x

l

_

W

l

i = n +1

�

i

, and argue

b y induction: If step l is an AND step, ^x

l

= ^x

j

u ^x

k

� ^x

j

^ ^x

k

� ( x

j

_

W

l

i = n +1

�

i

) ^

( x

k

_

W

l

i = n +1

�

i

) = x

l

_

W

l

i = n +1

�

i

; x

l

= x

j

^ x

k

� ( ^x

j

_

W

l � 1

i = n +1

�

i

) ^ ( ^x

k

_

W

l � 1

i = n +1

�

i

) =

( ^ x

j

^ ^x

k

) _

W

l � 1

i = n +1

�

i

, and ^x

j

^ ^x

k

= ^x

l

_ �

l

. Argue similarly if step l is an OR step.

86. (a) If S is an r -family con tained in the ( r + 1)-family S

0

, clearly �( S ) � �( S

0

).

(b) By the pigeonhole principle, �( S ) con tains elemen ts u and v of eac h part,

whenev er S is an r -family . And if �( S ) = f u; v g , w e certainly ha v e u � � � v .

(c) The result is ob vious when r = 1. There are at most r � 1 edges con taining

an y giv en v ertex u , b y the \strong" prop ert y . And if u � � � v , the edges disjoint from

f u; v g are strongly ( r � 1)-closed; so there are at most ( r � 2)

2

of them, b y induction.

Th us there are at most 1 + 2( r � 2) + ( r � 2)

2

edges altogether.

(d) Y es, b y exercise 85(b), if r > 1, b ecause strongly r -closed graphs are closed

under in tersection. All graphs with � 1 edges are strongly r -closed when r > 1, b ecause

they ha v e no r -families con taining distinct edges.

(e) There are

�

n

3

�

triangles x

ij

^ x

ik

^ x

j k

, only n � 2 of whic h are con tained in an y

term x

uv

of

^

f . Hence the min terms for at most ( r � 1)

2

( n � 2) triangles are con tained

in

^

f , and the others m ust b e con tained in one of the functions �

i

= ^x

i

� ( ^ x

j ( i )

^ x

k ( i )

).

Suc h a term has the form T = ( d G e u d H e ) � ( d G e ^ d H e ) = ( d G e ^ d H e ) ^ d G \ H e , where

G and H are strongly r -closed; w e will pro v e that T con tains at most 2( r � 1)

3

triangles.

A triangle x

ij

^ x

ik

^ x

j k

in T m ust in v olv e some v ariable (sa y x

ij

) of d G e and

some v ariable (sa y x

ik

) of d H e , but no v ariable of d G \ H e . There are at most ( r � 1)

2

c hoices for ij ; and then there are at most 2( r � 1) c hoices for k , since H has at most

r � 1 edges touc hing i and at most r � 1 edges touc hing j .

(f ) There are 2

n � 1

complete bigraphs obtained b y coloring 1 red, coloring other

v ertices either red or blue, and letting u � � � v if and only if u and v ha v e opp osite colors.

By the �rst form ula in exercise 85(c), the min terms B for ev ery suc h graph m ust b e

con tained in one of the terms T = �

i

= ^x

i

� ( ^ x

j ( i )

_ x

k ( i )

) = d ( G [ H )

�

e ^ d G [ H e .

(F or example, if n = 4 and v ertices (2 ; 3 ; 4) are (red, blue, blue), then B = �x

12

^ x

13

^

x

14

^ x

23

^ x

24

^ �x

34

.) A min term B is con tained in T if and only if, in the coloring

for B , some edge of ( G [ H )

�

has v ertices of opp osite colors, but all edges of G [ H are

mono c hromatic. W e will pro v e that T includes at most 2

n � r

r

2

suc h B .

Let G b e an y graph, and T = d G

�

e ^ d G e . The follo wing (ine�cien t) algorithm

can b e used to �nd G

�

: If there's an r -family S with j �( S ) j < 2, stop with G

�

= 1 .

Otherwise, if �( S ) = f u; v g and u � + � v , add the edge u � � � v to G and rep eat.

A t most 2

n � r

bipartite min terms B ha v e mono c hromatic f u

j

; v

j

g for 1 � j � r

when j �( S ) j < 2. And when �( S ) = f u; v g there are 2

n � r � 1

with mono c hromatic

f u

j

; v

j

g and bic hromatic f u; v g . So w e w an t to sho w that the algorithm for G tak es

few er then 2 r

2

iterations when G is strongly r -closed.

F or k � 1, let u

k

� � � v

k

b e the �rst new edge added to G that is disjoin t from

f u

j

; v

j

g for 1 � j < k . A t most r suc h edges exist, b y \strongness"; and eac h of them
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is follo w ed b y at most 2 r � 3 new edges that touc h u

j

or v

j

. So the total n um b er of

steps to �nd G

�

is at most r (2 r � 2) + 1 < 2 r

2

.

(g) Exercise 84 tells us that q <

�

p

2

�

+ ( p + 1)

�

n

2

�

. Th us w e ha v e either 2( r � 1)

3

p �

�

n

3

�

� ( r � 1)

2

( n � 2) or

�

p

2

�

+ ( p + 1)

�

n

2

�

> 2

r � 1

=r

2

. Both lo w er b ounds for p are

1

12

�

n

6 lg n

�

3

�

1 + O

�

log log n

log n

��

when r =

l

lg

�

n

6

186624(lg n )

4

�m

:

[Noga Alon and Ra vi B. Boppana, Com binatorica 7 (1987), 1{22, pro ceeded in this

w a y to pro v e, among other things, the lo w er b ound 
( n= log n )

s

for the n um b er of ^ 's

in an y monotone c hain that decides whether or not G has a clique of �xed size s � 3.]

87. The en tries of X

3

are at most n

2

when X is a 0 {1 matrix. A Bo olean c hain

with O ( n

lg 7

(log n )

2

) gates can implemen t Strassen's matrix m ultiplication algorithm

4.6.4{( 36 ) , on in tegers mo dulo 2

b lg n

2

c +1

.
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When an index en try refers to a page con taining a relev an t exercise, see also the answer to
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topic not included in the statemen t of the exercise.

0 {1 matrices, 29, 34, 57.

2

m

-w a y m ultiplexer, 13, 31.

3-v ariable functions, 8{9.

4-v ariable functions, 2{9, 16{18, 26, 30, 33.

5-v ariable functions, v, 9{10, 30, 48.

� x (sidew a ys sum), v, 12, 30, 42, 44.

� (circle ratio), as \random" example,

2, 22, 32, 38.

� function, 2, 22, 29, 34, 38.

Addition mo dulo 3 and 5, 33.

Addition mo dulo 4, 30.

Adjacency matrix, 27, 37.

A�ne functions, 39{40.

Aik en, Ho w ard Hatha w a y , 8.

All-equal function ( S

0 n

), 35.

Alon, Noga ( OEL@ DBP ), 55, 57.

Analysis of algorithms, 34.

AND gates ( ^ ), 1.

with v acuum tub es, 8.

AND - OR c hains, 29, 36{37.

AND - OR { NOT c hains, 35, se e also

Canalizing c hains.

Appro ximately decomp osable functions, 52.

Ashenh urst, Rob ert Lo v ett, 21, 24.

Asso ciativ e op erators, 42, 43, 46.

Asymptotic metho ds, 13{16, 32{33.

Babbage, Charles, 20, 45, 50, 51.

Babbage, Henry Pro v ost, 45.

Bac kw ard-computation principle, 6.

Bad pairs, 22{24, 34{35.

Bell T elephone Lab oratories, 19.

Berlek amp, Elwyn Ralph, 49.

Bigraph: A bipartite graph.

Binary addition, 11{12, 31{32.

Binary comparison function, 24, 51{53.

Binary deco der, 13, 43.

Binary recurrences, 12, 13, 30, 43.

Binary trees, 1, 2, 47.

Binary-co ded decimal digits, 18.

Bipartite graphs, 24, 37, 51.

Bipartite matc hing, 29.

Bit wise op erations, 4{6, 30, 39, 56.

Blum, Norb ert Karl, 26.

Bo ole, George, 46.

Bo olean c hains, 0{57.

AND - OR , 29, 36{37.

AND - OR { NOT , 30, 35, 47.

canalizing, 30, 36, 47.

de�nition of, 0.

monotone, 29, 36{37.

of 3 v ariables, 8{9.

of 4 v ariables, 2{9, 16{18, 26, 30, 33.

of 5 v ariables, v, 9{10, 30, 48.

of man y v ariables, 13{16, 21{37.

optimization of, 25{26, 52.

with sev eral outputs, 11{13, 16{21,

25{26, 30{34.

Bo otstrapping, 42, 47.

Boppana, Ra vi Babu, 55, 57.

Boros, Endre, 24.

Bottom-up syn thesis, 7{9, 30, 40.

Bra yton, Rob ert King, 26.

Bren t, Ric hard P eirce, 45.

B • uc hi, Julius Ric hard, 28.

BUT - NOT op erator ( � ), 1, 4, 14.

C ( f ), 1, 15{16, se e Cost of a Bo olean

function.

C ( f

1

: : : f

m

), 11.

C

+

( f ), 36.

C

m

( f ), 6{7, 30.

Canalizing c hains, 30, 36, 47.

Canalizing op erators, 27, 30, 40, 54.

Cares, 33, 51, se e also Don't-cares.

Carry bits, 11, 31, 32, 46.

Cat's game, 19, 21, 50.

Circuits, Bo olean, 1, se e Bo olean c hains.

Cliques, 57.

Closure under in tersection, 36.

CNF : Conjunctiv e normal form, 1, 40, 48.

Coloring of graphs, 24{25.

Com binational complexit y , 1, 15{16, se e

Cost of a Bo olean function.

Comparator mo dules, 31.

Comparison function, binary , 24, 51{53.

Complemen t of a Bo olean function,

3{4, 11, 41.

Complete bipartite graphs, 37, 56.

Comp osition of functions, 46.

Conditional-sum adders, 31{32.

Consecutiv e 1s, 31, 32.

Con trol grids, 8.

Con w a y , John Horton, 49.

Cost of a Bo olean function, 1, 11,

15{16, 30{36.

statistics, 5, 9, 40{41.

Curtis, Herb ert Allen, 0, 25.

D ( f ), 3, se e Depth of a Bo olean function.

De Mic heli, Gio v anni, 26.

Decomp osition of functions, 21{25, 34{35.

Decomp osition of partial functions, 24{25.

Depth of a Bo olean function, 3, 4, 28{32, 36.

statistics, 5, 9, 40{41.
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Depth-�rst searc h, 52.

Determinan ts, 25, 34.

Diagonalization, 28.

Disjoin t decomp osition, 21{24.

Distributiv e la w, 29.

Divide and conquer, 13, 42{45.

DNF : Disjunctiv e normal form, 1, 48.

Don't-cares, 18, 20, 24{26, 33, 35, 51.

Electrical engineers, 0, 1, 9, 11, 13, 18, 26.

Elgot, Calvin Creston, 28.
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